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Preface

I consider in this book a formulation of Quantum Mechanics, which is often abbreviated as
QM. Usually QM is formulated based on the notion of time and space, both of which are
thought a prior: given quantities or notions. However, when we try to define the notion of
velocity or momentum, we encounter a difficulty as we will see in chapter 1. The problem
is that if the notion of time is given a priori, the velocity is definitely determined when
given a position, which contradicts the uncertainty principle of Heisenberg.

We then set the basis of QM on the notion of position and momentum operators as in
chapter 2. Time of a local system then is defined approximately as a ratio |z|/|v| between
the space coordinate x and the velocity v, where |z|, etc. denotes the absolute value or
length of a vector z. In this formulation of QM, we can keep the uncertainty principle, and
time is a quantity that does not have precise values unlike the usually supposed notion of
time has.

The feature of local time is that it is a time proper to each local system, which is
defined as a finite set of quantum mechanical particles. We now have an infinite number
of local times that are unique and proper to each local system.

Based on the notion of local time, the motion inside a local system is described by the
usual Schrodinger equation. We investigate such motion in a given local system in part
II. This is a usual quantum mechanics.

After some excursion of the investigation of local motion, we consider in part III the
relative relation or motion between plural local systems. We regard each local system’s
center of mass as a classical particle. Then as the relative coordinate inside a local system
is independent of its center of mass, we can set an arbitrary rule on the relation among
those centers of mass of local systems. We adopt the principles of general relativity as
the rules that govern the relations of plural local systems. By the reason that the center
of mass and the inner coordinate are independent, we can combine quantum mechanics
and general relativity consistently.

We give an approximate Hamiltonian that explains partially the usual relativistic
quantum mechanical phenomena in chapter 9.

In the final part IV, we consider some contradictory aspect of mathematics in chapter
10. Although this does not give directly that mathematics is inconsistent, this will give
an introduction to the next chapter 11, where starting with the contradictory nature of
the semantics of set theory in the sense that if we consider all sentences of set theory,
they are contradictory, we regard that the Universe that is described by ourselves is of
contradictory nature, and can be described as a superposition of all possible, infinite
number of waves. As this is the state of the Universe, the Universe is described as a
stationary state describing a superposition of all waves. We then give a formulation of
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the Universe and local systems inside it, in the form of a theory described by Axiom 1
to Axiom 5 in chapter 11. In the final chapter 12, we will prove that there is at least

one Universe wave function ¢ in which all local systems have local motions and thus local
times. This concludes our formulation of Quantum Mechanics.

Hitoshi Kitada

Dec. 15, 2003, Tokyo



Notation

We here explain some notations which will be used in the text. C*(R™) (k =0,1,2,--- ,00)
is a space of k times continuously differentiable functions f(z) of x € R™. CE(R™) is a
subspace of C*(R™) whose element f € C*(R™) has compact support in R™. In particu-
lar, C§°(R™) is a space of infinitely differentiable functions on R™ with compact support.
We also use the notation C§°(G) for a region G in R™ to denote the space of functions
with continuous derivatives up to order k with the support contained in G. § = S(R™)
denotes a space of rapidly decreasing functions f on R™. Namely f € S means that f is
an infinitely differentiable function satisfying

sup 2] 0% f(2)] < o0 (1)
TER™
for all integers k = 0,1,2,--- and multi-indices a@ = (a1, -, yy), where each «; is a
non-negative integer and
0, = (0/0x1,---0/0xy,), 0F = (0/0x1)* - (0/Dxpy)*™. (2)
The most important notion is the Hilbert space L?(R™) with m = 1,2,---. It is a space
of functions f(x) on R™ satisfying
£l = (f: ))? < o0, (3)

where the inner product is given by

(f.9) = - f(@)g(x)d. (4)

Concretely it is obtained by a completion of & or of C§°(R™) with respect to the norm
(3). Along with this Hilbert space we use weighted L? space: L? = L?(R™) (s € R'),
which is a completion of § with respect to the norm

2= ( /R ) !f(w)|2<x>25dar) 1/2, (5)

where (z) = (1 + |z|?)Y/2. L2(R™) is also a Hilbert space with the inner product:

1flls =11

(fs9)s=(f,9)r2 = /f(x)g(:v)<:v>28da:. (6)
F denotes Fourier transformation from S onto itself:

FF(E) = (2m) ™ / eI f (1) . (7)
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F is extended to a unitary operator from L*(R™) onto itself:

IF 1= 11711 (8)

We define Sobolev space H® = H*(R™) of order s € R! as the Fourier image of L2(R™).
Thus it is a completion of & with respect to the norm

= ([ 10 spar) )

Here
(Dy)* = F U F, (10)

where (£)* denotes a multiplication operator by (£)* in L*(R{*). Namely its domain
D((&)*) is a set of functions [ satisfying

(€)f(¢) € L*(RY") (11)

and its value applied to f € D((£)*) is (£)*f(&) € L*(R™). H*(R™) is also a Hilbert space
with the inner product:

(e = [ (D2 1) D9, (12)

We further use weighted Sobolev space H§(R™) (6 € R'). This is a completion of S with
respect to the norm

/]

= ([ wprs@rera) 13

and is a Hilbert space with the inner product
() = [ (D) F@ Do) ) (14)

S™=1 denotes the unit sphere of R™ with surface element dw. L?(S™!) is a space of the
functions ¢(w) satisfying

1/2
HSOHLQ(ST”_I) = (L B ’gp(w)’szJ) < Q. (15)

L*(S™1) becomes a Hilbert space with the inner product

()i = [ o)) (16)
We remark that L2(R™) and L? (R™) are dual spaces each other with respect to the
inner product of L*(R™). Similarly H*(R™) and H§(R™) are dual spaces of H*(R™)
and H_j(R™), respectively. L*(R™) is a dual space of itself. We denote by B(H1,H>) the
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Banach space of bounded operators from a Hilbert space H; into another Hilbert space
H5. The notation

A=B or B=A (17)

means that A is defined by B.
For a self-adjoint operator H in a Hilbert space H, we denote the corresponding
resolution of the identity by Ex()\) (A € R!) that satisfies

Ey(N)En(p) = En(min(A, p)),
S /\l_i)r_noo Eg(\) =0, s /\h_)rgo Ey(\) =1,
Eg(A+0)=Ex(N\)

where Ey(A+0) = s-lim, )\ Eg(p). Such a family {Epy(N)}ier: is uniquely determined
by the relation

H= /_: MEn ().

An operator valued measure Ey(B) is defined by the relation Ey((a, b)) = Ey(b) — Ex(a)
from the resolution {Ey ()} of the identity, and is extended to general Borel sets B as a
countably additive measure using the properties above of Ey(\).
Let
P(A) = Eg(A) — En(A = 0)

for A € R'. P()\) # 0 if and only if X is an eigenvalue of H. The eigenspace or pure point
spectral subspace H,(H) for a selfadjoint operator H in a Hilbert space H is defined by

H,(H) = the closed linear hull of {f | Hf = \f for some A € R'}.

The orthogonal projection Py onto H,(H) is called eigenprojection for H. The continuous
spectral subspace H.(H) for H is defined by

H.(H) ={f | Exz()\)f is strongly continuous with respect to A € R'}.

Then it is seen that H.(H) = H,(H)*. The absolutely continuous subspace H,.(H) for
H is defined by
Haoo(H) = {f | The measure (Eg(A)f, f) = |[Ex(A)f|? is

absolutely continuous with respect to Lebesgue measure}.
The singular continuous subspace Hg.(H) is then defined by
Hoe(H) = He(H) © Hae(H).
Thus
He(H) = Hac(H) & Hoe(H).

The part H,, H., Hye, Hs. of H in H,(H), H.(H), Hae(H), Hs(H) are spectrally discon-
tinuous, spectrally continuous, spectrally absolutely continuous and spectrally singular
continuous, respectively. The spectra of these operators, o(H,),o(H.),o0(Ha.),0(Hs.) are
called point spectrum, continuous spectrum, absolutely continuous spectrum, and singular
continuous spectrum of H, respectively.
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Part 1

Local Systems






Chapter 1

Quantum Mechanical Time
Contradicts The Uncertainty
Principle

In classical Newtonian mechanics, one can define mean velocity v by v = z/t of a scattered
particle that starts from the origin at time ¢t = 0 and arrives at position x at time ¢, if
we assume that the coordinates of space and time are given in an a priori sense. This
definition of velocity and hence that of momentum do not produce any problems, which
assures that in classical regime there is no problem in the notion of space-time. Also in
classical relativistic view, this would be valid insofar as we discuss the motion of a particle
in the coordinates of the observer’s.

Let us consider quantum mechanical case where the space-time coordinates are given a
priori. Then the mean velocity of a scattered particle that starts from a point around the
origin at time 0 and arrives at a point around x at time ¢ should be defined as v = z/t.
The longer the time length ¢ is, the more exact this value will be, if the errors of the
positions at time 0 and t are the same extent, say ¢ > 0, for all . This is a definition of
the velocity, so this must hold in exact sense if the definition works at all. Thus

we have a precise value of (mean) momentum p = muv at a large time ¢ (1.1)

with m being the mass of the particle. Note that the mean momentum approaches the
momentum at time ¢ when ¢ — oo as the interaction of the particle with other particles
vanishes as t — oo because the particle we are considering is a scattered one so that it
escapes to the infinity as ¢t — oo.

However in quantum mechanics, the uncertainty principle prohibits the position and
momentum from taking exact values simultaneously. For illustration we consider a nor-
malized state ¢ such that ||¢/|] = 1 in one dimensional case. Then the expectation values

of the position and momentum operators () = x and P = szix on the state v are given
by

q=(Qv,v), p=(P,v)
respectively, and these operators satisfy commutation relation:

P.Ql=Pg-Qr="

3



4 CHAPTER 1. USUAL TIME CONTRADICTS THE UNCERTAINTY PRINCIPLE

Further their variances are

Ag=1[(Q—¥l, Ap=I(P—p}l.

Thus their product satisfies the inequality

Ag-Ap = [(Q—)Y|I[(P=p)Y| > 1((Q —q)¢, (P —p)Y)|
[(QY, P) — qp| > [Tm((Qv, PY) — qp)|

= ImiQu.Po)l = |5((PQ - @P)i.v)

_|1h| R
24| 27
Namely
h
Agq-Ap > oL (1.2)

This uncertainty principle means that there is a least value i/2(> 0) for the product
of the variances of position and momentum so that the independence between position
and momentum is assured in an absolute sense that there is no way to let position and
momentum correlate exactly as in classical views.

Applying (1.2) to the above case of the particle that starts from the origin at time
t = 0 and arrives at x at time ¢, we have at time ¢

h
because we have assumed the error Ag of the coordinate = of the particle at time ¢ is less
than § > 0. But the argument (1.1) above tells that Ap — 0 when ¢ — oo, contradicting
(1.3).

This observation shows that, if given a pair of a priori space and time coordinates,
quantum mechanics becomes contradictory.

A possible solution to this apparent contradiction of the notion of space-time in quan-
tum mechanics would be to regard the independent quantities, space and momentum
operators, as the fundamental quantities of quantum mechanics, and disregard the notion
of time from the framework of quantum mechanics. As time ¢ can be introduced as a
ratio x/v on the basis of the notion of space and momentum in this view (see Definition
3.1), time is a redundant notion that should not be given a role independent of space and
momentum.

It might be thought that in this view we lose the relation v = x/t that is necessary for
the notion of time to be valid, if space and momentum operators are independent as we
have seen. However there can be found a relation like x/t = v as an approximate relation
that holds to the extent that the relation does not contradict the uncertainty principle
(see Theorem 3.2 below).

As a consequence of the abandonment of the a priori given time in quantum mechanics,
the quantum jump (or wave function collapse) that is assumed to occur in usual quantum
mechanics whenever the particles are observed becomes unnecessary in our formulation.



This misconception of quantum jump comes from our unconscious inheritance of the
classical view of time to quantum mechanics that the motion is governed by time, and
hence the system must evolve along with this given time coordinate. This unconscious
assumption urges us to think we observe a definite eigenstate that has sharp values of the
quantity that we observe and jumps or collapses must occur when we make observation at
one moment in time coordinate. However, what one is able to observe actually is not the
eigenstates. No stable eigenstates can be observed as eigenstates, as will be seen in chapter
4, (4.3). Even if we can observe eigenstates, they are necessarily destroyed and become
unstable scattered states. We thus observe just the scattering states or processes. We
define time as the evolution of these scattering states. Then no eigenstates need appear in
the formulation of quantum mechanics. Jumps and eigenstates are ghosts arising from our
customary thought that we are accustomed to based on the passed classical notion of time
that has been assumed given a priori. In more exact words, the usual quantum mechanical
theory is an overdetermined system that involves too many independent variables: space,
momentum, and time. In that framework time is inevitably not free from the classical
image that velocity is defined by v = z/t, thus yielding a contradiction discussed above.
What is responsible for this misunderstanding is our lack of recognition that the revolution
by quantum mechanics of our common sense is too far to be caught by our conventional
understanding of the world.
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Chapter 2

Position and Momentum

We consider N (N > 1) particles, which are moving in the Euclidean space R3. We label
them as 1,2,--- , N.

Let X; = (X1, Xj2, Xj3) and P; = (Pj1, Pj2, Pj3) (j =1,2,- -+, N) denote the position
and momentum operators of the j-th particle. Namely Xk (k; = 1,2, 3) is a multiplication
operator in L?(R3Y) defined by

(Xjkf)(x) = fjkf(x)a (x = (211, T12, T13, 21, - - , N1, TN2, TN3) € RSN)
and P; is the differential operator

hof

1 E)x]

)= (0 5o i)

8ZEJ1 81']‘2 8xj3

(Pif)(x) = hDy, f(x) =

Here h = >+, where h is the Planck’s constant. Their domains are

D(Xj) = {fIf € L*(R™), wjuf(w) € L*(R*™)},

D(P) = {11f € L(R™). 7 (a) € L)},

where the differentiation is understood in the distribution sense.

X and Py satisfy the canonical commutation relation. We write [A4, B] = AB— BA

for two operators A and B in L*(R3").
[Xjk, Xjw] = 0,
[Pjk, Pyw] =0, (2.1)
[Xik, Pyre] = thdjj b,

where dj¢ is Kronecker’s delta.

Let m; > 0 be the mass of the j-th particle. The Hamiltonian of the system is defined
by

H= Z—P2+ > V(X - X), (2.2)

2m
J 1<i<j<N

7



8 CHAPTER 2. POSITION AND MOMENTUM

where P? = 37} P2 and Vj;(z) (z € R®) is a real-valued pair potential which describes
the interaction between the particles ¢ and j. Since this interaction depends only on the
relative position x; — x; € R? of the particles, we can remove the center of mass from the
Hamiltonian. Namely, denoting the old variables x; by X; with some abuse of notation, we
introduce new variables x; as follows. We first define the center of mass of the N-particle
system by

_m Xy + -+ my Xy

Xc
mp+---+my

(2.3)

and then define x; as Jacobi coordinates:

X4 bmXs
= Xy — At Ay = N1 (2.4)
my - +m;

Accordingly, we define the momentum operators Po = (Pc1, Poo, Pos) and p; = (pi1, D2, Pis):

h 0 h 0

p=22 -9
¢ aX, p i 0x;

It is clear that these satisfy the canonical commutation relation. Using these new X¢, Po, x;, p;,
we can rewrite H as

H=H + Hg, (2.5)

where

n

H=Y" ! P> Viglay),

i=1 241 i<j
1
He = 0 ~—N C27’
2 Zj:l m;

with x;; being the expression of X; — X in the new coordinates, and y; > 0 is the reduced
mass defined by the relation:

1 1 1

Hi Mipr My + - +m;

The new coordinates give a decomposition L*(R3") = L*(R®) ® L*(R?*") and in this
decomposition, H is written as

H=H:®I+I®H.

Hc is the well-known Laplacian, and what we are concerned with is the relative motion
of the N-particles. Thus we have only to consider H in the Hilbert space H = L3(R3").
We rewrite this H as H:

n n h2
H:HoJrV:ZziMP?-FZV%j(%j) = _ZQ_MA:EZ'_'_Z‘/U(:CU); (2.6)
i=1 “F ¢

i<j i=1 i<j



where

This means that we consider the Hamiltonian H in (2.5) restricted to the subspace
(ml—i—---—l—mN)Xc:m1X1+---—|—mNXN:0 (27)

of R3N. We equip this subspace with the inner product:

(z,y) = Zﬂiﬂfi “Yis (2.8)
i=1

where - denotes the Fuclidean scalar product. With respect to this inner product, the
changes of variables between Jacobi coordinates in (2.4) are realized by orthogonal trans-
formations on the space R*" defined by (2.7), while y; and z; depend on the order of
the constitution of Jacobi coordinates in (2.4). If we use this inner product, Hy can be
written as:

1
HO = §<U,U>, (29)
where v = (v1,- -+ ,v,) = (uy'p1, -+ , i ' pn) is the velocity operator.

It is known that H is a selfadjoint operator in H under suitable decay assumptions
on the pair potentials V;;(x) as |z| — oco. We consider such a situation in the followings,
and precise conditions on V;;(z) will be given when necessary.

We summarize the assumptions we made in this chapter as the following two Axioms
2.1 and 2.2.

Axiom 2.1 Let n > 1 and F,,1 be a finite subset of N = {1,2,---} with §(F,1) =
n+ 1. Then for any j € F,11, there are selfadjoint operators X; = (X1, Xj2, Xj3) and
P; = (Pj1, Pja, Pj3) in a tensor product H™™ = H®---®@H of (n+1) times of a separable
Hilbert space H, and constants m; > 0 such that

(X0, Xem] =0, [Pje, Pom] =0, [Xje, Pem] = 10500m,

ijXj:(], Z.P]:O

Jj€EFh+1 JEFn+1

The Stone-von Neumann theorem and Axiom 2.1 specify the space dimension (see [1],
p.452) as 3 dimension. Namely H" is represented as and can be identified with L*(R*")
in the following.

Axiom 2.2 Letn > 0 and Fx (N = n+ 1) be a finite subset of N = {1,2,---} with
#(Fn) = N. Let {F5}22, be the countable totality of such Fy. Then the local Hamiltonian
H,e (¢ >0) is of the form

an = HnZO + ana Vn( = Z Va(za)
a=(i,j)
1<i<j<o0, i,jEFK
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on C3°(R3™), where x4 = x; — x; (o = (4,7)) with z; being the position vector of the
i-th particle, and V,(x4) is a real-valued measurable function of v, € R which is Hyy-
bounded with H,p-bound of Vi less than 1. Hpp = Hn_1)0 s the free Hamiltonian of
the N-particle system, which has the form

n 3 hQ 82
— Z Z 2 D with py > 0 being reduced mass.
=1 oy “He 9Ty

We remark that the subscript { in H,, distinguishes different systems with the same num-
ber N =n + 1 of particles.

This Axiom implies that H,, = H(y_1), is uniquely extended to a selfadjoint operator
bounded from below in H" = HN~! = L2(R3*¥-1) by the Kato-Rellich theorem. We write
‘H.,.. = H" to indicate that the space H" is associated with the Hamiltonian H,,, and use
the notation (H,, Hye) to make explict this relation. We will call this pair (H,,, Hnue) a
local system (see Definition 4.1).

We do not include vector potentials in the Hamiltonian H,,, of Axiom 2.2, for we take
the position that what is elementary is the electronic charge, and the magnetic forces are
the consequence of the motions of charges.



Chapter 3

Time

3.1 Definition of local time

In the previous chapter, we introduced position and momentum operators and defined
a Hamiltonian of an N-particle system. All analyses of quantum-mechanical theory are
done under the basis of these notions.

The reader might have noticed we do not introduce Schrédinger equation at all. In the
usual theory of quantum mechanics, Schrodinger equation is one of the basic assumptions
of the theory, without which no analysis of motion of quantum-mechanical particles could
be done.

The usual theory of quantum mechanics assumes the a priori existence of time when
it introduces Schrodinger equation. And the motion of particles is analyzed by the use of
the equation along that a priori given time.

We reverse the order. We first define time of the system under consideration on the
basis of the position and momentum operators. Then we introduce the Schrodinger equa-
tion by using that notion of time, which is proper to each system of quantum-mechanical
particles. Thus our basic notions of the theory are just position and momentum operators
that satisfy the canonical commutation relations.

In this sense, we discard the usual notion of space-time, which is assumed as a fun-
damental basis of any physical theory. Instead we adopt position and momentum as the
fundamental basis of quantum theory. Our degree of freedom in describing nature is thus
6 in place of 4 of space-time that the usual theory assumes. This increase of freedom
would make us possible to see nature’s properties more precisely than the usual physical
theory would.

We leave such precise analysis to the future, and return to the usual description of
nature by Schrodinger equation. To do so, we first introduce clock and time of an N-
particle system whose Hamiltonian is given by H in (2.6).

Since H in (2.6) is selfadjoint under suitable assumptions on the decay rate of pair
potentials V;; (x), we can construct the unitary operator

exp(—itH/h) (3.1)

for all real numbers ¢ € R'. We remark that H is defined by (2.6), and hence exp(—it H/h)
is constructed on the basis of the mere notion of position and momentum operators.

11



12 CHAPTER 3. TIME

Definition 3.1 We call the unitary group exp(—itH/h) in (3.1) the (local or proper)
clock of the system that we are considering, and t in the exponent of exp(—itH/h) the
(local) time of the system whose Hamiltonian H is given by (2.6).

3.2 Justification of local time as a notion of time

To see that this definition of time coincides with our intuition, we introduce some notion
used in many body scattering theory.
Let b = {C},---,Ck} be a decomposition of the set {1,2,--- N} into k disjoint

subsets Cy,--- ,Cy of {1,2,--- , N}. If we denote the number of the elements of a set S
by #(S) or |S|, we can write k = #(b) = |b|. Such a b is called a cluster decomposition of
{1,2,--- ,N}.

A clustered Jacobi coordinate x = (z3,2°) associated with a cluster decomposition
b={Cy,---,Cx} is obtained by first choosing a Jacobi coordinate

C C _
m(CK) = (l’g Z)’ T ’xé(é’z)—l) € R3(ﬁ(c£) 1)7 (f = 17 Tt ak)

for the #(Cy) particles in the cluster Cy, and then by choosing an intercluster Jacobi
coordinate

Ty = (:Ul’ - >xk71) c R3(k*1)
for the centers of mass of the k clusters Cy. Then 2 = (2(“V) ... (%)) € R3W=F) and
r = (zp,2%) € R¥W=1 = R3" and the corresponding canonically conjugate momentum
operator is

p= (pbapb)a Py = (pla"' 7pk71>7 pb: (p(01)7“' 7p(0k))
h 0O h 0
o Co) _ (,(Co) . (Cp) C) _ 1°
pz Z 853@" p (pl ) 7pﬁ(ce)_1)7 7 Z axgce)

Accordingly H = L*(R*") is decomposed:
H=Hy @M, Hy=LA(RY), H = LA(RETY).

In this coordinates system, Hy in (2.6) is decomposed:

HO = Tb + ng
k-l g
T, = — ; Z_MA“’ (3.2)
k #(Ce)—1 h2
Hy = _Z Z 9 (Cg)Ax,Ece)’
=1 =1 7

)

where A;, and A () are 3-dimensional Laplacians and M, and ugc‘f are the reduced

masses. If we introduce the inner product in the space R*" as in (2.8):

<ZL’, y> = <($b7 mb)v (ylnyb)) = <xba yb) + <xb7yb>
k #(Ce)—1

k—1 )
=S w30 3
=1 =1 i=1
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and velocity operator

v =(vp,0") = M~'p = (m; ' py, (1°) """,

where M = ( ﬂ(”)bb 'Bb ) is the 3n-dimensional diagonal mass matrix whose diagonals are
given by M, --- ,Mk_l,ugcl), e 7u§(cc’“2)_1, then Hj is written as
Hy= §<v,v> =T,+ H, = §(vb,vb> + §<v ,U0).

We next decompose the sum of pair potentials in (2.6):
Z Vij(zij) = Vo + I,
i<j

where

Vi=> Vo,
Creb
Vo, = Y Vilay),
{i.5}CCy
L= Y Vlay)

VCyeb:{i,j}¢Cy

By definition, V¢, depends only on the variable 2(©0) inside the cluster Cy. Similarly, Vj
depends only on the variable 2° = (2(1), ... | 2(C%)) ¢ R3WN=t) wwhile I, depends on all
components of the variable x.

Then H in (2.6) is decomposed:

H=H,+L,=T,I+1® H + 1,
H=H-L,=T,®I+I1Ix H’ (3.3)
H® = Hj + V.

We denote by P, the orthogonal projection onto the pure point spectral subspace (or
eigenspace) Hg = H,(H") for H® of H’. We use the same notation P, for the obvious
extention I ® P, to the total space H. For #(b) = N, we set P, = I, and for #(b) = 1,
we write P, = Pg = P. Let M = 1,2,--- and PM denote an M-dimensional partial
projection of P, such that s-limy; . PbM = P,. We define for an /-dimensional multi-
index M = (My,--- ,M;) (M;>1)and ¢ =1,--- , n=N—1

PM=|1-> P [1- > P -P") (3.4)
§(be)=¢ #(b2)=2
(Note that for #(b) = 1, b = {C} with C = {1,2,--- , N}. Thus PM is an M;-dimensional
partial projection into the eigenspace of H.) We further define for a #(b)-dimensional
multi-index My, = (M, -+, Mywy—1, Myw)) = (My, My))

B = BB} | 2<t(b) < N. (3.5)
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Then it is clear that

>, BU =P =1-P" (3.6)

2<8(b)<N

provided that the component M; of M, depends only on the number j but not on b. In
the following we use such M,’s only.

Related with those notions, we denote by H. = H.(H) the orthogonal complement
H,(H)* of the eigenspace H, = H,(H) for the total Hamiltonian H. Namely H.(H) is
the continuous spectral subspace for H. We note that H.(H) = (I — P,)H for a unique
a with |a| = 1, and that for f € H, (I — PM)f — (I — P,)f € H.(H) as M; — oco. We
use freely the notations of functional calculus for selfadjoint operators, e.g. Eg(B) is the
spectral measure for H as defined in the section of notation.

Let v, as above, denote the velocity operator between the clusters in b. It is expressed
as v, = my 'p, for some 3(4(h) — 1)-dimensional diagonal mass matrix m;. To see the
meaning of our time in Definition 3.1, we prepare the following

Theorem 3.2 ([10]) Let N = n+1 > 2 and let H be the Hamiltonian H in (2.6) or (3.3)
for an N-body quantum-mechanical system. Assume that | X°|PM is a bounded operator
for any integer M > 1. Let suitable conditions on the smoothness and the decay rate of
the pair potentials V;;(xz;;) be satisfied: E.g., assume

Vij (@) + |2 - (VaVij) ()] = 0 (as [z — oo).

Let f € H. Then there exist a sequence t,, — +0o (as m — +o00) and a sequence M;"
of multi-indices whose components all tend to oo as m — +oo such that for all cluster
decompositions b with 2 < §(b) < N, for all ¢ € CgO(Rifﬁ(”)‘”), R >0, and o = {i,7}
that is not included in any Cy € b,

I

X talizal<ry By * e f|[ — 0 (3.7)
-

1(p(Xs/tm) — @(vs)) P, * e R F| — 0 (3.8)

as m — +o00. Here xg is the characteristic function of a set S.

Proof ': Since mass factors and Planck constant in the definition of the Hamiltonian H
are unessential, we may assume h = 1 and

1 1
H=Ho+V, Hy=3D==3A V=3 V)
1<)
where

10
i 0
Let f € H satisfy (1+|X|)?f € H and f = Ey(B)f for some bounded open set B of
R'. Note that such f’s are dense in H. We compute, noting (3.6) and writing Pbe =B,

xr € R*".

'Proof here follows that of [10].
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and f = (I — PM)f

(X 2
> et (7 - D) Pt f (3.9)

2<t(b)<N

(X 2~
— eth (? . D) e—thf

: X? 24 L~
— eth (t_2 . T + D2) e—thf

2

1 . oy~ ~ 2 . o~ . .
— t_2 (ethX26—thf _ X2f> _ ¥€ZtHA€_ZtHf+2€ZtHH0€_ZtHf+ = r

12
Here A= (X - D+ D - X). The first term on the RHS is equal to
L[ isH ; 21,—isH 7
2| i[Hy, X7e """ fds.
0
By the relation i[Hy, X?] = 24, (3.9) is equal to
2 ' isH A —isH itH f ,—itH ¥ itH —itH ¢’ X%~
e e Ae fds —te™ Ae™" " f ) 4+ 2" Hype f+t_2 .
0
The formula in the first parentheses equals
t
/ eisHAe—istdS o teitHAe—itHf
’ td T o~ ) o~
:/ el (/ estAefstde o Te'm'HAerer) dr
o AT \Jo
t
= —/ se*Hi[H, Ale™"H fds.
0
Here for any b with 2 < [b| = (b)) < N
i[H, A] = [Ty, A +i[Ly, A] +i[H®, A] = 2T), + i[I,,, A] +i[H", A",
where .
Ab = 5(X" -D"+ D" X?).
Thus we have
' 2
ettt (7 — D) Pye i f (3.10)
2<4(b)<N
4 L ~ o~ ) o~
= —= Z / seH Ty Pe " fds 4 2¢"H Hye 1 f
2<[b|<N 70
2 ! isH : I.. A ﬁ —isH Nd
_t_QZose i1y, A]Pye™"" fds
2<[b|<N

2 o SH b AW B —isH T X2~
— Z /Ose“ i[H®, A’ Pye™" fd8+t_2 :

2<[b|<N
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Lemma 3.3 Let B(s) be a continuous family of uniformly bounded operators in H with
respect to s in uniform operator topology. Let B C R be a bounded open set satisfying
Ey(B)YH C H.(H) and let 2 < |b] < N. Then there is a constant ey > 0 that goes to 0

when M;’s in the multi-indices My’s tend to oo such that as T'— oo

1 /7 ~ .
H—/ B(s)F(|zo| < R) P e *" Ey(B)ds|| ~.,, 0 (3.11)
0

T

for any pair o = {i, j} with o ¢ C; for all Cy € b. Here ~.,, means that the norm of the
difference of the both sides is smaller than €y as T — oo, and F(|z,] < R) denotes a
smooth positive cut off function which is 1 on the set S = {z||z| < R} C R* and is 0
outside some neighborhood of S.

By this lemma, the third term on the RHS of (3.10) vanishes as t — oo within the small
error €y > 0 determined by the values of M, in the multi-indices M, = (M, -, M,).
The last term on the RHS of (3.10) also vanishes by X?f € H. Thus as t — oo we have
asymptotically

(X 2
>t (7 — D> Pye t f (3.12)

2<4(b)<N
4
. t_2 Z / SestTPbe ZSHde—'—QGZtHH e thf
2<[b|<N
2
_t_Q Z / ZSH Hb Ab —stde
2<|b|<N

Taking the inner product of the last term with f = (I — PM1) f and noting by Lemma 3.3
that as t — oo

>, 2 / f.eH(Py) i[H", A" Pe ™ f)ds ~e,, 0, (3.13)

2<|b|<N 2<|d|<N, d;éb

we have by (3.6) as t — oo

Z / f; isH ; Hb Ab] —stf)

2<|b|<N
~ews 2 Z / rs st [Hb Ab] —stf)dS
2<|b|<nN 0
1
o1 X [ Byn A R s
2<[p|<N 70

provided that the limit as ¢ — oo of the RHS exists, which we will prove below. Here ~
means ~g. Letting t(s) = s —mS for mS < s < (m + 1)S for any fixed S > 0, we have
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by Lemma 3.3 and some commutator arguments as t — 0o

Z / f 6st Hb Ab] —stf)
1

2<|b|<N

t ~ .
~ens Z ;/O (f,eZ(S—t(S)) (Pb)* it(s)Hp ; [Hb Ab] —stf)

2<[b|<N

This can further be reduced and is asymptotically equal to as ¢ — oo with an error €;; > 0

Z / f pi(s—t(s))H ~)*6it(s)Hbl'[Hb7Ab]e—it(S)Hbf)be—i(s—t(s))Hf)dS.

2<|b|<N

Noting s — t(s) = mS for mS < s < (m + 1)S, we rewrite this for t = nS
TLS Z/ zmSH * iSHbi[Hb, Ab]e_iSHb_ﬁbe_imSH.}E)dS (314>
_ ﬁ Z g/‘ %(f’ eimSH(ﬁb)*eisHbAbefisHbﬁbefimSHf/'v)dS
— Z r zmS’H b)*eiSHbAbe—iSHbﬁbe—imSHf) o (‘]77 zmSH( ) AbP e—zmSHf)]'

Writing Pb = Z -1 b, E].P‘b‘_l with P, g, being the one dimensional eigenprojection of H b
with eigenvalue F;, we see that the RHS is bounded by

L
2.

j=1 m=0

n—1
‘ f7 1mSH b)*eiS(Hb_Ej)AbPthP‘b‘,le_imSHf)

C/)IH

—(f, elmSH(Pb)*Abe,Ejp\|b|71€_imSHf) .

This is arbitrarily small when S > 0 is fixed sufficiently large, by our assumption ||| X°| P, g, || <
0.
Summarizing, we have proved when ¢t — oo

f Z th( ) ﬁbe—itHf (315>

2<#(b)<N

~ 2 t ) _ . _ ' _ . -
~aey =2 | Z [ﬁ / se" 1T, Pe ! fds — e”HTbee_”Hf]
0

2<[b|<N
+2 f E : thHb —thf 7
2<|b|<N

where we have used (3.6) and Hy = T,+ H{. The uniform boundedness in ¢ of the operator

u+wm1ULw>vm(5—Df,

t



18 CHAPTER 3. TIME

and that the projections PbM " are of finite dimension yield for large R > 1 with an
arbitrarily small error g > 0

f Z th ( . ) ﬁbefitHf (316)

2<4(b

P i (- ) F(a'| < R)Bye "

2<H(b

(F-0) - (i)' (5 28 o)

Thus the RHS of (3.16) is asymptotically equal to as t — oo

Q

Here

f Z ”H< D>2 (|2 < R)Bye ™" f (3.17)

2<t(b

) f Z 'LtHHb |$b’ < R) 7thf

2<H(b)<N

Comparing this with (3.15) and removing F(|z°| < R) with a small error 6z > 0, we have
ast — oo

2
f Z th( _Db) Be M f (3.18)

2<H(b

~ers 428 —2 f Z [ / isHTb]Sbe—isHJ'Fds _ ez’tHTb]Sbe_itHf}

2<|b|<N

The both sides do not depend on the cut off F(|2°| < R), thus we can replace 4ey; + 205
by 4epy.
We set
2 [t ~ . . ~ .
Flty= Y [ﬁ /0 s T, PeMds — e’tHTbee_”H} :

2<[b|<N

2 [t~ ~ o~ ~
G(t) = Z |:t—2/ S@ZSH(Pb)*TbeG_ZSHdS — eltH(Pb)*Tbee_ltH:| .
0

2<[b|<N
By Lemma 3.3, we have when T" — oo for a large fixed A > 1

T+A ~ ~ L~ . ~ o itH
3 3 / { / isH(Pd)*Tbee_“Hfds—e”H(Pd)*Tbee_ZtHf} dt ~ey, 0.

2<[b|< N 2<|d|<N,ds#b
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Thus by (3.6), the time mean of the RHS of (3.18) is equal to

2 T+A . 5 2 T+A "

=/ <f,F(t)f> dt e =7 | (f,G(0) f)dt

asymptotically as T — oo. Since the function H (¢ fo s(f,eH(P)*T,Pye=H f)ds
is real valued, continuously differentiable, unlformly bounded and its derivative with
respect to t goes to 0 as t — oo, we can find a sequence T}, — oo as k — oo for each fixed
A > 1 such that the RHS of the above formula goes to 0 as T' = T}, — oo (see Lemma
8.15 in [9]):

k+A -
~jm 5 [ o P

Ti+A t - ~ .~
= — lim 2/ [2 / (f, ZSH(Pb) Tbee ’SHf) — (f, ™ (P)* T, Pe ™ f)| dt
0

k—o0 A Tk t2
1 (T4 aH
= lim —/ td—(t)dt =0
k—o0 A Tlv dt

These and (3.18) give when T}, — oo

1 [TetA -~ X, 2 _
vl oo £ (7 - Db) Poe tHf | dt ~se,, 0.
Te a<yp)<n

By (3.6) and Lemma 3.3, the LHS is equal to

1t X, o
Z Z Z f eth (T . Db) Pbe—thf dt

Tk 2<H(d) <N 2<(b)<N

1 Tp+A X . ) 2
NE]V[ Z/ (Tb — Db) Pbe_ltHf
Ty

asymptotically as T, — oo. Thus we have proved that for given components M;’s of
multi-indices M,’s and any fixed large A > 1

X ~ .
(Tb . Db) Pbe—thf

as T, — oo. By Lemma 3.3, we further have as T, — oo

dt (3.19)

2<H(b) <N

2

1 Tr+A
dt ~ge,, 0 (3.20)

A Jr,

2<H(b)<N

1 Tip+A

U ey

T 2<H(b)<

2
Y |FUral < mPe | | dt ey, 0,
VCyeb:adCy

where we first fix A > 1 large enough so that the second term is less than €); and then
we let T — oo (see the proof of Lemma 3.3 below). We can thus take a sequence {t,,}
tending to co and sequences M;" that also tend to oo so that

3 (& - Db> P mitmH g

2<H(b)<N "

2
—0 (3.21)
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and for all R > 0, and o = {i,j} that is not in any C, € b
|F(wal < B, et f]] 0, (3.22)

when m — oo. (3.7) and (3.8) follow from these by density argument. The case t,, — —o0
is treated similarly.

There remains to prove Lemma 3.3.

Proof of Lemma 3.3: We prove a more general version of Lemma 3.3: Under the assump-
tion of the lemma, we have as T — oo

1 T
H?/ B(s)F(|za| < R)F(|2"| < R)PY e™*M Eyy(B)ds|| ~e,, 0 (3.23)
0

for any o = {4, j} such that a ¢ C, for all C, € b.
We prove (3.23) by induction on k = |b|.
Lemma 3.4 (5.23) for |b| = 2 holds.

Proof: Since || F (x| > S)F(|xo| < R)F(|2°] < R)|| — 0 as S — oo when |b| = 2, R < oo
and a ¢ C, for any Cy, € b (¢ = 1,2), we have only to show

—0. (3.24)

T—o0

lim H%/OT B(s)F(|z| < R)Eg(B)e " ds

The operator F(|z| < R)Eg(B) is a compact operator. Thus it suffices to prove the
lemma with F(|z| < R)Ey(B) replaced by a one dimensional operator Kf = (f, ¢)v,
where ¢ € H.(H). Then

2

1 (7 _isHSQ I TeisH -
Hf/o B(s)Ke "ds|| = HT/O K*B(s)*d (3.25)
1T 2
= _ isH g+ 3 *rd
swp g2 [ ek By gas
1 : ! * * —zt s
:Wﬁ//“”W¢UM H, ¢)dtds

< / / (€7 g, ¢)|dtds

< b [ e oo

for some constant C' > 0. By Schwarz inequality, the RHS is bounded by

Vac (% /_ :; (et g, ¢)|2dt> - (3.26)
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Noting that the measure pu(\) = (Ey(\)¢, ¢) is continuous by ¢ € H.(H), we calculate
the formula inside the parentheses:

L / ! /R 1 /R 1 e TGN dp (N ) dt (3.27)

_z/Rl /R Sm{; XX iy LN dp(\).

Dividing the integration region R?/\ wy into [A —X| <€ and the other, we obtain a bound:

2
2/ du(N)dp(\N') + —
[A=N|<e el

The first term can be small arbitrarily if € > 0 is small enough, since the measure u(\) is
continuous. Then letting 7' — oo we can let the second term go to 0. [J

Now assume (3.23) for |b] < k (3 < k < N). Let b = {C4,---,Cp} with |b] = k
and assume a = {3, j} connects the clusters C; and Cy of b. We denote the new cluster
decomposition by d = {C; U Cy,Cs,--- ,Ci}. Then |d| =k—1, and K; = F(|z,| <

R)F(]2°| < R) bounds the variable z¢. We decompose Pk 1 (see (3.4)) in (3.23) a

P — (1P B - S BB, (3.28)
br—17#d
where ]/\4\,1 = (My,---, My_s). Each ijl\ﬁl‘l on the second term bounds the variable x%—1

with |by_1| = k — 1. Since by_1 # d and F(|z,| < R)F(|z°| < R) bounds the variable 2%,
F(Jza| < R)F(|2°| < R)Plf 7" connects at least one pair of different two clusters in by
Thus the terms in the second summand on the RHS of (3.28) are treated by the induction
hypothesis. Thus we have to show when 7" — oo

0. (3.29)

~
€M

H%/O B(s)F(|za| < R)F(j2"] < R)(I — PM1)PM1e=s1 By (B)ds

Let S > 0 be arbitrary but fixed and let as before t(s) = s —mS for mS < s < (m+1)S.
The norm of (3.29) is bounded by

HT / B(s)Ky (I — P 1)e it Hagite)H pMa o~isH (B (3.30)
0

Y

e : WINPT
+ Hf / B(s)Ko(I — e~ "Hagh)H) pid o=isH By ( B)ds
0

where K1 = F(|zo| < R)F(|2*| < R) and K, = K\(I — P,"*).
Since H — Hy; = 1,

. . ts) .
I — em M Hapit()H / e” ™y (Hy — H)e™dr (0 <t(s) < 9) (3.31)
0



22 CHAPTER 3. TIME

is a sum of the terms, each of which bounds at least one variable z5 with 8 = {k,m}
connecting two different clusters of d. Noting that F(|z¢] < CR) > K, = F(|lz.| <
R)F(]2°| < R) holds for some constant C' > 0, we can treat the second term of (3.30) by
induction hypothesis.

The first term in (3.30) is rewritten as

Hf / B(s) Ky (I — P )e ) pMa o=ils=t6DH B (B) g (3.32)
0

with some remainder terms. These remainder terms come from the commutator of e*(*)

and ﬁ,ﬁ‘g, and can be treated by induction hypothesis. Since s — t(s) = mS, (3.32) is
rewritten for t = nS

n—1 S
1 e .
— > /O B(s +mS) K, (I — P )e~#*Ha pMa o (B)dse ™S || (3.33)
m=0
Since K; bounds ¢, the difference
K (I =P —(I—P)} = Ky(Py— P ) (3.34)

tends to 0 as My_; — oo in operator norm. Thus we can replace K;(I — Péw’“‘l) in (3.33)
by K;(I — P;) with an error €);. This step yields the error €); in the lemma. To estimate
(3.33), letting S > 0 large but fixed, we first get an energy cut off for H¢ from Ey(B) by
some commutator arguments, whose commutators are treated by induction hypothesis.
Then we can apply (3.23) for |b] = 2 to (3.33) with H replaced by H¢. The proof of (3.23)
and Theorem 3.2 is complete. [

We now turn to our purpose of stating Theorem 3.2. L.e., let us see how our definition
3.1 of time coincides with the usual notion of time. (3.8) of Theorem 3.2 or more intuitive
form (3.21): for all b with 2 < || < N

(7 ) Bty

means that the ratio of the position vector x; and the velocity vector v, are proportional
to time we have defined in Definition 3.1. Namely we have at least schematically

‘ 0 (m— o) (3.35)

a2 R (3.36)

as t tends to +oo along some sequence t = t,,. In this sense, time ¢ of the system we
are considering is determined independently of the cluster decomposition b and of the
particles inside the system. Thus ¢ has a usual sense of time as a common parameter of
motion of the system in accordance with the notion of ‘common time’ in Newton’s sense:
“relative, apparent, and common time, is some sensible and external (whether accurate
or unequable) measure of duration by the means of motion, ---” (I. Newton [40] p.6).
Once we have defined time in this way that coincides with our intuition, the motion
of the particles is described in the sense of (3.36) by the evolution exp(—itH/h)f for an
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initial value wave function f at time ¢ = 0. In this sense, we can say that the motion of
the particles inside the system obeys the identical equality

h d
i

This is the usual Schrodinger equation. Thus in the context where time is already defined
as in Definition 3.1, we can say that the motion is governed by Schrodinger equation as
usual quantum mechanics assumes as an axiom.

3.3 Uncertainty of time

We have however to remind that this view to nature is only an approximation. Time
t of the system having Hamiltonian H in (2.6) satisfies the asymptotic relation (3.8) or
(3.35), but this is an asymptotic relation and does not give any exact relation like x;, = tv,
which is assumed to hold in classical context. In quantum mechanical context, as we have
seen in chapter 1 there is known the uncertainty principle that yields that the values of
position and momentum are not determined in precise sense simultaneously, which has
been known as a discrepancy between classical and quantum mechanics.

In our context, this uncertainty is understood as that of time in the following sense.
Position and momentum are fundamentally independent quantities that satisfy canonical
commutation relation (2.1) given in chapter 2. This canonical commutation relation gives
the uncertainty relation (see chapter 1) by usual commutation arguments about their
variances from the expectation values:

Ag-Ap >

h
5
This uncertainty means that position and momentum are independent in the sense that
there is no way to let position and momentum correlate exactly as in classical views.
In the usual formulation where time is given a priori as a fundamental quantity, it is
anticipated as in chapter 1 that the position x and mean velocity v of a particle are
related by the relation x = tv if the particle starts from the origin at time ¢ = 0. In this
ordinary formulation the uncertainty principle is a cause of a question why position and
momentum do not relate exactly to each other. However, in our formulation where we do
not introduce a priori time ¢t as a fundamental quantity but derive it from position and
momentum operators as in Definition 3.1, we need not make any anticipation about their
relation other than the ones that follow from (3.8) or its schematic expression (3.36). The
uncertainty principle works so as to prohibit the relation x, = tv, from being an exact
relation and (3.8) gives the most possible extent so that the relation z, = tv, holds without
contradicting the uncertainty principle (for a more precise estimate than (3.8), see e.g.,
[6]). Thus our local time is defined from the outset to have the uncertainty that is allowed
by the relation (3.8).
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Chapter 4

Local Systems

So far we have considered an N-particle system and postulated the existence of position
and momentum operators for that system. On the basis of these notions we defined time
of that N-particle system. Thus space-momentum and time constitute the notions proper
to each N-particle system. We call such a system local system.

Definition 4.1 A pair (H,e, Hye) of a Hilbert space Hyy = H™ = L2(R*W=Y) (N = n+1)
and an N-body Hamiltonian H,, is called a local system.

Then local time ¢ of a local system (H,,, H,¢) is defined as in Definition 3.1. We
sometimes denote this time as ¢y, , #,,) indicating the local system under consideration.
Here we recall that the label ¢ distinguishes different local systems with the same number
N =n+ 1 of particles, as remarked in Axiom 2.2 of chapter 2.

There are two regions of research related with local systems. One is the investigation
of the properties of the motion inside each local system. Another is the relation between
local systems.

The former constitutes the same region as the usual quantum mechanics. One point
that is different from the usual view is that the motion is only possible when the initial
state f is a scattering state, i.e. when it belongs to the continuous spectral subspace
H.(H) of the Hamiltonian H, because the usual bound state is unobservable: Let f be a
bound state of H with eigenvalue E:

Hf =FEf. (4.1)
Then its evolution is given by
exp(—itH/h)f(x) = exp(—itE/h) f(x). (4.2)

Therefore, such a state does never change in the sense that the probability density of the
existence in the configuration space given by

|exp(—itH/h) f(2)[* = |exp(—it E/R) f(x)|* = | f ()] (4.3)

is a constant of motion. Thus such a state cannot be observed except for the case that the
state f changes to another state g, by some disturbance from the outside, that involves a

25
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part belonging to the continuous spectral subspace of H 2. In this case what can change in
accordance with time is the scattering part of g only. Thus the investigation of quantum-
mechanical motion is that of scattering states. The bound states that are considered in
usual textbooks should be understood as a certain kind of resonances, which are close to
bound states. They are never pure bound states. Thus our purpose in the next part II is
to study the evolution exp(—itH/h)f of scattering states f of an N-body Hamiltonian H
in a fixed Hilbert space H = L?(R*"), where n =N —1 > 1.

After some excursion of studying the motion inside a local system, we turn to the
investigation of the relation between plural number of local systems in part II1. This sub-
ject is related with observation. In the explanation of observation, we regard the center
of mass of each local system a classical particle behaving under the general principle of
relativity and the principle of equivalence. Namely, we postulate that, when one observes
other local system than oneself’s, the observer observes the motion of the inside of the
other local system as following the general theory of relativity, and that the inside of an
observed local system is divided in accordance with the purpose of each particular obser-
vation. Those subsystems resulting from the division are regarded as classical particles
identified with their centers of mass. This postulate would be justified if we see that the
observation necessarily identifies the objects of the observation and as a consequence the
observer decomposes the observed local system into some number of sublocal systems.
Then the observer’s investigation would be the relative motion of those sublocal systems.
Our postulate here is, therefore, the identification of the center of mass of each subsystem
with a classical particle that behaves following classical general relativity. This is our
basic assumption on observation.

The problem that the reader might propose at this stage would be why the quan-
tum mechanics which is assumed to have Euclidean space-time structure in the previous
parts can be consistent with the postulates of general relativity. This crucial point will
be answered at the beginning of part III. The main point is that the space-momentum
or space-time structures of different local systems are mutually independent, and hence
we can postulate any laws to the relative motion between local systems. We choose the
general theory of relativity as our laws that govern the relative motion of local systems,
because the theory is known to give sufficiently precise predictions matching the observa-
tions or experiments.

We remark that it is possible to interpret special theory of relativity as assuming this
kind of setting. Namely, in special theory of relativity, the space-time inside a “station-
ary system® ” can be interpreted as Euclidean, while the relation between two stationary
systems moving with non-zero relative speed follows Lorentz transformation and hence in
this case the two systems have Lorentz metrics. When we consider inside a stationary sys-
tem, the Lorentz transformation inside itself can be interpreted as Galilei transformation,
because the relative speed with respect to itself is zero. Thus, we arrive at an interpre-
tation of special theory of relativity that the space-time is Euclidean inside a stationary
system, while Minkowskian space-time only appears when one considers observation of a

2T quote the following passage from p. 667 of Paul Busch and Pekka J. Lahti [4]: “In fact, defining
(preparing) a physical system in a pure state implies that it is isolated from its environment. Therefore,
strictly speaking, it cannot be observed, since an observation entails an interaction which amounts to
suspending the system’s isolation.”

3We here use this wording to mean an inertial frame of reference, following p. 38 of A. Einstein [7].
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stationary system moving with non-zero velocity with respect to observer’s system. The
main purpose of the special theory of relativity was to explain the phenomena that occur
when making observation of a moving systems from another stationary system. Thus it
is understandable that the possibility of adopting Euclidean geometry inside a stationary
system has been overlooked for a long time. If one would want to get a unified theory
including the zero relative velocity, it is quite natural to regard the Galilei transformation
as a special case of Lorentz transformation with zero relative velocity. Therefore the con-
sistency of the Euclidean space-time inside a local system and the outer curved space-time
is already inherent in the formulation of special theory of relativity.

The next problem after we show the consistency of the quantum-mechanical Euclidean
structure and the general relativistic Riemannian structure of space-time, is the explana-
tion of the results of actual observations or experiments. This we will do to the extent
we reach at the present stage of our theory in the remainder of part III. The main ingre-
dients in these explanations are the results we obtain in part II, where normal quantum-
mechanical motions are analyzed. Explanation of observation will be done in the same
way as in special theory of relativity by assuming that the actually observed values are
the ones that are obtained by modifying the usual results of quantum-mechanical calcu-
lation by the general relativistic change of coordinates from the observed system to the
observer’s system.
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Exercise

We assume we are given a 3-dimensional coordinate z = (xy, x9, x3) of 3-dimensional
Euclidean space R? and a corresponding 3-dimensional momentum operator p = (py, p2, p3)
conjugate to z, i.e. we define

h 0
i — T Q. > .:1a2a37
bi=5 Oz, J
where h = h/27m, h being Planck constant. We note in the momentum representation z;
works as a differential operator:
0

Fu;F' = ih—.
J ap]

Here F is the Fourier transformation defined by

Folp) = 2ty > [ expl-ip-o/hg(z)da,
R3

where p - x = Z?:l pjx; is the inner product of the vectors x and p. We assume we are

given a time parameter ¢ that takes real values. We then define 3-dimensional time and

energy operators T' = (t1,1q,t3) and E = (eq, eg, e3) for t # 0 by

t; = tpilp| ",

1
ej = E(@\l‘j + z4|pl),

5 1/2
ol = (zpi)
j=1

is the positive square root of a nonnegative operator Zj.':l pJQ- = —h?A, with A, being
Laplacian with respect to z. We note that these operators t; and e; initially defined on the
space D = F1C°(R? — {0}) can be extended to selfadjoint operators in L?(R?), where
C§°(R? — {0}) is the space of C*°-functions with their supports compact in R* — {0} and
L?(R3) is the space of square integrable functions on R3. Clearly they have dimensions of
time and energy, respectively, and for £t > 0, £7 = £(t1, ¢, t3) has the same direction
as momentum p and satisfies

where

3 1/2
+|T| =+ <Z t§> —t.
j=1

For £t > 0, £E = 4(ey, €9, e3) has almost the same direction as position z, and when x
and p denote position and momentum of a scattering particle with mass m whose evolution
is governed by a Hamiltonian H, we have

3 1/2 )
|E|exp(—itH)g = (Z e?) exp(—itH)g ~ % exp(—itH)g

j=1
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in L?(R3) asymptotically as t — Zoo for a scattering state g € L?(R3), since we have
xj/t ~ p;/m on exp(—itH)g as t — £oo along some sequence ¢, — £oo. Thus these
operators can be regarded as a 3-dimensional version of quantum mechanical time and
energy.

Now show that the following uncertainty relation holds between T" and F.

Theorem. Let f € D C L?(R?) with its L2norm || f| = (f, f)}/? = 1, where

o) = [ 1@

is the inner product of L?(R?) with g(x) being the complex conjugate of g(z). Let

ti=(tf. f), e =(eif f),
T: (51752753)7 E (61762763)

be the expectation values of these operators on the state f. Let the variances of T" and
E be defined by

1/2
AT = (T =T)f|l = (ZH f!|2> :

j=1
3 1/2
AE=|(E-E)f| = (ZH i =€ fH2> :
J=1
Then we have the uncertainty relation:
ATAE > g
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Part 11

Motion Inside a Local System
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In this part, we will see how the result of Enss [10] stated in Theorem 3.2 gives a
solution of the fundamental problem of scattering theory, which is thought to give a basis
of any physical observation in the sense stated in the last paragraph of chapter 1.

Before Enss found the so-called Enss’ time dependent method in [8], scattering theory
had been investigated mainly by stationary method which utilizes the Laplace transform
of the propagator exp(—itH/h). Enss gave a simple method to prove the fundamental
property called “asymptotic completeness” of wave operators in [8] by directly utilizing
the propagator exp(—itH/h). Since then the proof of asymptotic completeness can take
an elegant form compared with the stationary method by the predecessors (e.g., [16], [22],
and the references therein). Though we have to remark that in the case of many-body
scattering, some stronger estimates are necessary to establish the asymptotic complete-
ness, and in this book we leave some of those estimates to the references [6], [45], etc.

Theorem 3.2 of Enss played an important role in the interpretation of our formulation
of local time in chapter 3. It would be impressive to see that his method also plays an
important role in the main part of scattering theory.

We will return to the stationary theory of the Universe in part IV, where the original
idea of stationary method by the predecessors will be revived as an important view to na-
ture. These will show that both stationary and time-dependent methods are fundamental
in our understanding of nature. We will see in chapter 11 that time-dependent method
is based on an artificial introduction of local time after the introduction of the stationary
universe. This could be anticipated from our introduction of the notion of local time in
chapter 3.
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Chapter 5

Free Hamiltonian

5.1 Spectral representation of free Hamiltonian

In this chapter we assume A = 1 and consider the free Hamiltonian:

1 Ien 02 1 1 &
Hy=—-A=-—-Y —=-D=-% D? 5.1
T2 2,8:1;229”2,2%" (51
j=1 j=1
defined for functions on R™ with general dimension m = 1,2, ---, where
10

Dx:(DfL“U“'anm)? Dﬁ]—;axj
When mass factors and Planck constant are necessary, it is easy to include them as in

chapter 2 or 3.
We initially define Hj for functions f from the space S of rapidly decreasing functions:

1 <N 0% f
Hof(x) = —3 Z W(m) (5.2)
j=1 "3
and extend it to a selfadjoint operator in H = L?(R™) with domain D(H,) being the
Sobolev space of order 2: H*(R™) = {f € L*(R™)| [pn (1 + D2)f(x)]?dz < co}. We
denote the selfadjoint extension also by Hy.
In the following, we denote by (f,g) the inner product of H = L?(R™) and by || f||
the norm of H.
Let F be the Fourier transformation: For f € §

m

FHE = (@m) % / e f (), (5.3)

where £xr = Z;n:l §jx; is the Euclidean scalar product of R™. Then we extend F as a
unitary transformation from H onto H:

IF A= 1A (5.4)

35



36 CHAPTER 5. FREE HAMILTONIAN

If we denote by |¢|?/2 the multiplication operator by the function |£]?/2 defined in L*(R{"),
it is easy to see

Hy = F(|g]*/2)F. (5.5)
From this follows that there is no eigenvalue of Hy: for any f € D(H,)
INER' Hyf =\f= f=0.

Thus H,(Ho) = {0}, and H.(Ho) = H,(Ho)™ = H = L*(R™).

Letting xs denote the characteristic function of a set S, we note that the function
(X~ (I€7/2)g,h) (g9,h € H) is of bounded variation with respect to A € R', and it
vanishes for A < 0. Thus we have the relation for any g,h € S

(U /2000 = [ Ay (6720011 (5.
This relation can be extended to h € 'H and g satisfying
| Xl iR 2 < . (5.7
which is equivalent to
g€ FH*(R™). (5.8)
We define for f € 'H
Eo(N)f = F X0 ([8*/2)F f. (5.9)

Then by Plancherel formula, we have from (5.5), (5.6) and (5.8) that

(Hof.g) = /O T (BN 9)

for f € D(Hy) = H*(R™) and g € H.
It is easy to see by definition that Fy(\) satisfies

Eo(A)Eo() = Eo(min(A, 1)), (5.10)
S Al_i)rg(} Ey(A\) =0, s- /\h_)rglo Eo(\) =1, (5.11)

where Eg(A+0) =s-lim, | Eo(pu).

A family of operators that satisfies conditions (5.10)-(5.12) is called a resolution of the
identity. It is known (see, e.g., Chapter XI of [50]) that there is a one-to-one correspon-
dence between the resolutions of the identity { £()\)} and selfadjoint operators H defined
in a Hilbert space H by the relation

(HF.g) = / CM(EONf.g), fEDH), geH. (5.13)

oo
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Thus {Ey(A\)} defined by (5.9) is the resolution of the identity corresponding to the selfad-
joint operator Hy. We remark that (5.13) yields the relation for any continuous function
F(X)

o0

(Ffg) = [ FOAENL. fEDEM) geH. (514

—0o0

Since for A > 0

(P2 = [ glehEe

- / /Sm_lgwmh(@w>dw<2m<m‘””dw

we have for g,h € S and A > 0

(612091 = @™ [ gV BRh(VER) e

where dw is the surface element of the (m — 1)-dimensional unit sphere S™~!. Thus we
have for f,g € S and A > 0

d d

(B N9) = (o F/2)F S, Fg) (515)

= N [ (ENWR) F) (Va)d
We set for A > 0
FO)S(w) = 20" DE) (Vo) (5.16)
We remark that by (5.5) we have
FOVHf(w) = AP (@) (5.17)

thus the adjoint F(A)* that is defined below is an eigenoperator of Hy in the sense that
it satisfies

HoF(A)" = AF(\)". (5.18)
(5.15) is now written as
S (BN ,9) = (FOV FN)g)sasmn, (5.19)

where (¢, 4)12(gm-1y is the inner product of the Hilbert space L*(S™'). Here if we let
g(p) = (Ff)p ) € L2(S™1) for p > 0, we have for A > 0

FNf = (V20)"2D2(Ff) (V2 1) (5.20)
= (207 (V2N 2g(v2))
-

_ (2)\ 1/4(27r)1/2/oo ei\/ﬁrfp(¢<p)p(m*1)/2g)(r)dr7

—00
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where ¢ € C3°((0,00)) such that supp ¢ C (0,00) and ¢(v2A) = 1, and F,g(r) is the
Fourier transform of g(p) with respect to p € R'. Then ||F(X)f]||12(sm-1) is bounded by
for s > 1/2

e (o) ) ([ @m0 =) o) )

o0 [e.9]

< C AV p(p)ptm D 2g]

Hs((O,OO),LQ(Sm_I))a (521)
where (r) = (1+ |7|>)V/2, and with (D,)* = FoNr)F,

H*((0,00), L*(S™')) = the completion of C;°((0,00), L*(S™ 1))  (5.22)
S 1/2
with respect to the norm ||h|| = (/ H(D,;)Sh(p)H%g(Sml)dp) .
0

By a calculation, the RHS of (5.21) is bounded by

1/2

oA ( / ||<Dp>89<p>||iZ(Sm-1>pm—1dp)

< CoA VI f

2
L%

where L? = L?(R™) is the Hilbert space with inner product

o) = [ (@ f(@iglode (523)

Thus we have proved the estimate: For any § > 0 and s > 1/2, there is a constant Cgs > 0
such that for A > 8

IF ) fllzz(sm-1y < Cas A4 £l 2. (5.24)

Further, using the expression (5.20) and estimating the difference F () f —F () f similarly
to the above, we see that F(\) is continuous in A > ¢:

[FNf = F () fllpzsm-ry < Csse(A )| fll 2, (5.25)
where with 0 < 6 < s —1/2

00 1/2
E(A,M) — </ |€i\/ﬁr _ ei\/ﬂr|2<r>—2sdr> < Cea|>\ _ u,@ =0 (526)

oo

as p— A with A\, u > 9.
On the other hand, we have for ¢ € L*(S™™!) and g € L?

(FO)@, @)rzrmy = (o, F(AN)g)r2(sm-1) (5.27)
= / (2)\)(m_2)/4(27r)_m/2/s _leim“ygo(w)dw@dy,
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which and (5.24) yield

FOpla) = @m0 [ o)

and for any s > 1/2 and A > §(> 0)
IFO) @llz, (rm) < CosA™Hollz2(sm-1)-
By (5.25) and (5.27), we further have for A\, u > 9

[IFA) e = Fu)ellrz, < Case(A p)llllzism-r).-

39

(5.28)

Combining these estimates with (5.19) and (5.25), we have for A\, u > 6 and s > 1/2

—-1/2
S Csé)\ / )
Lg—»LQ_S

H dEO

and

(u) < Cose(Ns 1),

L§~>L2_S

H dEO dEO

where €(\, ;1) — 0 as yp — .
We now recall the well-known relation for Poisson integral:

T Jo (A—p)?+e h(p)  (a<p<D)

as € | 0 for a continuous function h(\). We apply this relation with setting

M) = (dE°<)fg) (fgel? s>1/2).

Then we have for 0 <a < pu < b < oo

) = (o)

1 e dE,
€l0 ; a <)\_,U>2+62 (d}\ (A)fag) d\

e 1 1 dF,
= limo— - dx.
ifélzm/a (/\—M_ie )\—u+ie>< ()fg)

By (5.14), the RHS is equal to

1 1 1
lim —— — d(Ey(\) Eo(B

— lim %((RO( ) — Ro(2))Eo(B)f. g),

l/j( € h()\)d/\—>{0 (W<aoru>b)

(5.29)

(5.30)
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where B = (a,b), z = p + ie, and
Ro(z) = (Hy — 2)7" (5.31)
dEj

is a resolvent of Hy. Thus we have an expression of ——(u):

X

dEy 1
= lim — =
(S 00.9) = lim 5 () ~ Ro(2)Eal) .0
for y € B=(a,b) (0 <a<b<oo)and f,g € L? (s> 1/2).

We consider termwise boundary values of Ry(z) = Ro(u %+ i€) as € | 0. To do so, we
write for f,g € § using Fourier transform

(Folu+iafg) = [ om0 (5.32)
= /0 w(2A)<m—2V2m /S i F(V22w)§(V2 w)dwd,

where f denotes the Fourier transform of f. Setting
h(A) = (20) 272 / f(V2w)g(V2hw)dw = (FN) F F(Ng)rzsm,  (5:33)
Sm—1

we rewrite the RHS of (5.32) as
o €

DY 1
—h(A\ d\ ) — ———h(N)d\. 5.34
/_M A2 + €2 A+ p) +m7r/0 AN=p)?+e () ( )

The second integral on the RHS is a Poisson integral, thus the limit as € | 0 exists and
satisfies the estimate by (5.24):

(5.35)

1 [ €
lim—/ —h)xd)\‘SC'
o Ooppre™

for s > 1/2, where C;, > 0 is bounded locally uniformly with respect to @ > 0. The first
term on the RHS of (5.34) is written for § > 0 as

R
—h(A dA 5.36
/_H o+ ) (5.36)

-4 00 A 0 A

The limit as € | 0 of the first term is equal to

([ 7+ [7)s0min= [ oy sieriteis,

where Gy is the sum of the regions [£|?/2 < u— 4§ and [£|>/2 > pu+§. This is bounded by

1
ngHL?Hg”LQ- (5.37)
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The second term on the RHS of (5.36) is equal to

DY DN R+ A) = h(p— A)
| st N =h= i = [ 5 - D

where 0 < 6 < s — 1/2. Thus by applying (5.25) to the definition (5.33) of h(\), we see
that the limit as € | 0 exists and is bounded by

h(p+A) = h(p =N [°
aup ) R )\/ NN < Cgyl f
0

L2912

0<A<O /\0

for s >1/2 and s —1/2 > 6 > 0, where Cy, > 0 is bounded when p moves in a compact
subset of (0,00). Thus the second term on the RHS of (5.36) is bounded by

Coull f]

for s > 1/2. Combining this with (5.37) and (5.35), we obtain the existence of the
boundary value Ro(p + 0)f = lim,jo Ro(p + 7€) f in L? ,(R™) and the estimate

L2 Q‘Lg

| Rop +i0) 22, < C

locally uniformly in g > 0, where s > 1/2. Similarly, the same estimate holds also for

Ro(n —i0). Reexamining the arguments above, we also see that Ry(u £ i0) is continuous

with respect to 4 > 0 in operator norm from L%(R™) into L? ,(R™) for s > 1/2.
Summarizing, we have proved:

Theorem 5.1 The resolution {Eo(\)} of the identity for Hy is expressed for f,g €
L*(R™) (s > 1/2) and A > 0 as:

d

S(ENf9) = 5 ((Ro(A+i0) = Ro(A = i0)) . ) (5.39)

1
27
= (F()‘)faf()‘)g>L2(sm—1).

Here {Ro(A £140)} a0 and {F(N\)}rso are continuous families of bounded operators from
L3(R™) (s > 1/2) into L* (R™) and L*(S™ '), respectively, defined by for f € L*(R™)

Ro(A i0)f = lim Ro(A i) . (5.39)
FA)fw) = @AM 2T £ (V2Iw). (5.40)
In particular, Ry(A£1i0) and F(X\) are Hélder continuous of order 6 (0 < 0 < s—1/2) lo-
cally uniformly with respect to A > 0, in the uniform operator topology of B(L2(R™), L* ,(R™))
and B(L*(R™), L*(S™™')), respectively.
5.2 Spatial asymptotics of the free resolvent

Since H is a selfadjoint operator in H = L*(R™), Hy generates a unitary group

Up(t) = exp(—itHy) = e 0 (t € RY) (5.41)
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such that
Us(t)Uo(s) = Up(t + ) (t,s € RY). (5.42)

If we move to the momentum space H = LQ(R?) by Fourier transformation, we have for

g€ S =FS by (5.5)
Uo(t)g(€) := (FUS)F " 9)(€) = e " g ¢). (5.43)
By Lebesgue’s dominated convergence theorem, this implies that [70(15) g is continuous in
t € R" as an L*(R{")-valued function of ¢ € R' for general g € H.
For f €S
e Mo f(z) = Up(t)f(x) = (F ' To(t)Ff)(x) (5.44)
= ny [ R € g

= Cmy [ et [ )y
Let x(£) € S such that 0 < y(£) < 1 and x(0) = 1, and set for € > 0

Xe(&) = x(€€).

Then y. € S for each € > 0 and Xe(§) — Lase | 0 for each § € RY". Thus we can rewrite
(5.44) using Fubini’s theorem as

€l0

i) =i [ @ (5.45)

Obviously this limit does not depend on the choice of y € S. We call this type of the
limits of integrals oscillatory integrals, and write

e~itHo f(g) = (2) "™ Os- / / P () e (5.46)
R m
For the simplicity of notation, we introduce a variable

£=(2m) e, (2m) ). (5.47)

Then (5.46) can be written as

o—itHo — Os ei(@E—tlg]*/2—¢y) dud 5.48
f(z S //RQm f(y)dy f ( )

We often drop the integration region R?™, when it is obvious from the context, and write

e~ tHo f (1) Os—// i(w€—t[€]? /2—€y) fly )dyd§ (5.49)
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We introduce some notations. We call a = (o, -, ay,) with the components «;
being nonnegative integers a multi-index. Then we define

Dy =Dgl---Dgr, 2% =ait-apm,
la] = a1+ + am, (5.50)
(D,) = (1+D*>Y2 = (1 - A,)Y2

Noting the relation
Dy (e™) = (=1)lg (™), (5.51)

and integrating by parts inside the integral (5.45) with respect to y, we obtain for f € S

) = e [ 6
~ iy / / (WSR2 (€))7 (Dy)™™ ) (y)dyd€

= [ [ et e, ) )y
If f does not belong to S but just satisfies, e.g. the conditions

sup |Dy f(y)] < oo
yeR™

for all multi-indices o, we then define e~ f by

e f(a) = (m) i [ [ (O () ()

€l0
and integrate by parts with respect to y and £ using the relations (5.51) and
DE(e™) = (=1)elya (). (5.52)

Then we obtain

10 fa) =l [ [ e SDY G (€))7 (D, ) )y

el

Noting that x.(§) satisfies
D¢ (xe())] = [*/(DgX)(e€)] < Coe®

for any multi-index «, we see that the equality

e f () / / iy D2 (a2 (g) ) (v =2m (D VM ) () dydE (5.53)

holds. With some smoothness assumptions on the integrands, we always have in this way
an expression of oscillatory integrals that does not contain the damping factors like x.(§)
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or X.(y). We will use these techniques in the next section in considering the behavior of
ef’itHO.

By (5.14), we have the relation for y € R* and € # 0

(Ro(ju + i) f.g) = / T = uF i dEMN f.9) (5.54)

at least for f,g € §. Noting the relation for € > 0

+oo
A—pFie) ' = Z/ =N gt (5.55)
0

and using Fubini’s theorem, we can write

(Roptiofio) = i [ [ N, g
- / (et £ o)y

Since ||e?trEic=Ho) f|| < e~<ll|| f|| in respective signs, we have from this for f € H
+oco . '
Ro(pu+ie)f =i / eitliEie=to) gqr - (e > 0, € RY). (5.56)
0

Since ¢Ho f (f € H) is continuous in H with respect to t € R' by the remark after (5.43),
the integral can be understood as a Riemann integral.
Using the second line of (5.44), we can rewrite (5.56) for f € S:

+oo
Rolp i6) () = (2m) "% [ [ etessemme i feyagan,
0

where f = Ff. In what follows, assuming u > 0, we apply stationary phase method to
this integral and derive an asymptotic expansion as r = || — oc.

To do so, we assume f € Co°(Rg —{0}) with supp fc{e (0<)a < €] < b(< 00)l,
and in the integral make a change of variables

r=rw, r=|z, t=rs, (we Ss™).

For the sake of simplicity, we consider the + case only. The — case can be treated similarly.
Then we obtain

—i(2m)"*(Ro(p +ie) f)(rw) = I(rw) = L (rw) (5.57)
OO ir(wE—s(£2—2p)/2) —ers | déds.
o e~ f(€)deds
We set

Qb - gzﬁ(,u,w, 875) = wg - 8(52 - 2:“’)/2
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Then

a§¢ =W — 857 as¢ - _52/2 + 1y
where 0¢ = (0/0&, -+ ,0/0¢), ete. The solution of d¢¢p = 0 and 0;¢ = 0 are given by

fz&c::\/@w, stc::\/%_/j

We first divide the integral I(rw) as a sum of the integral near s = 0 and the one away
from s = 0. Let ¢(s) € Cg°(RY) with supp ¢ C {s| |s| < min(s,, 5;)} and ¢(s) = 1 for
|s| < 3 min(s,, ), and consider

b =r [ [ e i©ptsdsas
0
Noting that on supp ¢ and supp f

b 1
0c| = | — s€] 21— = = = >

and using the relation
r=¢(|0e| 21 0e - B )le® = €9,
we integrate by parts with respect to ¢ inside the integral Io(rw). Then we obtain
[Io(rw)| < Cpr'™*

for all £ = 1,2,--- with the constant C;, > 0 depending on ¢ but not on € > 0. Thus in
the limit as » — oo, we have only to consider the integral

) =1 [ [ ere i) - p)s)dsas.

We next take a function y; € C5°(R™) and x5, € C°(R™!) for § > 0, r > 0 and
1 > 60 > 0 such that

Xor(5,€) = Xs(r((5,€) = (s¢.&)))
and divide the integral I (rw) as
Io(rw) = L (rw) + L(rw),

where

L(rw) =7 /0 h / e F(€)xar(s, &) (1 — p)(s)dEds, (5.58)
L) =1 [ [t {0 - x5O0 - p)odeds. (65:59)
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On supp (1 — xs-)(s,&), we have by an argument using the definition of (s, &)
0| + [0s00] > pr=?

for some p = ps > 0. Thus if we define a differential operator P whose transposed operator
is

'P =i (|00 + 0:01) (05,600 D))
then we have
r(tP) e = ¢,
Using this relation, we integrate by parts in the integral I,(rw) and obtain
|I5(rw)| < Cprt—t1-20)

for any £ =1,2,--- and 0 < # < 1/2 uniformly in € > 0. Here to assure the integrability
with respect to s in I5(rw), we have used the estimates

(1060| +10s0) 7" < 0| ™ = |w — s¢]7! < Cs|™

which holds for large s > 1 on supp f(1 —¢) C {(s,€)] (0 <)a < |¢] < b(< ), s >
2 min(s,, 5;)}. When s > 0 is small we can use the bound r? as we have obtained above.
Thus we can neglect I5(rw) in the limit r — oo.

We now evaluate I;(rw). We note that the integration region of the integral [;(rw) is
included in the compact set supp xs,(s,&) of R™* thus the limit as e | 0 exists and we

can drop the factor e="* from I (rw):

I(rw) =1 /0 ) [ e itemats. 1 - )(s)deds (5.60)

To estimate this, we make a Taylor expansion of ¢ = ¢(s,£) = ¢(u,w; s, &) around (s, &.):

05,9 = olon &)+ dgotsnt) (¢ ) 45 (060 (). (§)). o

where § = s — 5., = £—¢, and (X, Y) = 7! XY} is a scalar product of X,Y € R™1.

7j=1
By the definition of (s, &.), the second term vanishes. The Hessian matrix J(s, ) is given
by

_ as%b(sa 5) asa§¢(87 g) _ 0 _5
I(5.6) = ( 0eDup(s,€)  O2(s.€) ) = ( i s, > (5.62)

with I, being the unit matrix of order m. Since s. = ﬁ > 0 and & = 2uw # 0,
the matrix J(s,{) is non-singular on supp xs. when r > 1 is large enough. Further
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since J(s,§) is real symmetric, we can take an orthogonal matrix P = P(s,&) such that
tPJ(s,&)P is a non-singular diagonal matrix:

I Vi 0 0O --- 0

A= A(s, &) :=="PJ(s,&)P = 0 2 o 8 . (5.63)

1 0 0 0
0 -1 0 0
'‘QAQ=| 0 0 -1 0 | =¢. (5.64)
0 0 0 -1
Then since
‘Q'PJ(s,§)PQ =€,
we have

| det(PQ)| = | det J(s,&)| /.

In partcular if we put

P.= P(Scafc)a Qc = Q(SwgC)’

we have
'Q P (56, E)PQe = €, | det(P.Q)| = [ det J (s, &) 2.
We set
(5,€)(r,w) = (50,£.)(r,w) + %Pchy, y € R (5.65)
If we set
£ ="Q.P.J(5,€) P.Q..
we have

€ — & < COlJ(5,6) = J(50,&)| < Ols — sc| + € — &) < Cr™° (5.66)

on supp Xsr, and we have

8(5.€) = (50,6 + 175 Ev, )
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Making a change of variables (5.65) and inserting this relation into the definition (5.60)
of I (rw), we obtain

I (7’&)) _ T(lfm)/QeirMsc,Ec)

det J (s, &)/ / ¢ E) u(r, y)dy,

Rm+1

where

~

u(r,y) = f(E(r, v)xar((s,€)(1,9))(1 = ¢)(s(r,y)).

Noting (5.65), we have for any multi-index «

1

195 u(r,y) < Coira=ay

(5.67)

where C, > 0 is a constant independent of r,y. We now consider

J(rw) = / €3 Ey(r, y)dy,
Rm+1

The difference between the two is
) = Klr)) < [ je - e ()l dy
Rm+1
< HE-owmurdy (5.68)
ly|<Crt/2-0

for an arbitrary 1 > k > 0, where we have used that on supp xs, |(5,€) — (Se, &) =
|P.Q.y/+/T| < Cr=Y. Using (5.66), we have that (5.68) is bounded by

< C«H,r(l/?—e)(m+1)r—59r2(1/2—9)n

— T(1/2—0)(m+1)—n(39—1). (569)
Thus if 1/3 < 0 < 1/2 is close to 1/2, we can take x as follows:

1/2 -6

1>
T

(m+1)(>0),

and we have the negative power on the RHS of (5.69), thus
|J(rw) — K(rw)] — 0 asr — oo.

Thus we have only to consider K (rw) instead of J(rw) when considering the asymptotic
behavior of I (rw).

Taking the Fourier transform of the two factors in the integrand of K (rw), we have
by Plancherel formula

K(rw) = |det€\1/2emg“(5)/4/ e 2 g (r n)dn (5.70)

Rm+1

_ —(m-Dmia / e 5 gy ),
Rm+1
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where sgn(€) = 1 — m is the signature of £ and u(r,n) is the Fourier transform of
u(r,y) with respect to y. Taking the Taylor expansion of the exponential function in the
integrand, we have

,_.

vV—

1
VK

e 5lEnm) _

(~itEn,m) /2| <~ I(Em,n) /21" (571)

T
o

Inserting this into (5.70), we obtain

K(rw)_(gﬂ)(m+1)/2e—(m_1)m/4 Z CQD;CU(T’O) < C, Z

lo|<2v |3|=2v

> /|Dﬁ u(r, y)|dy,

2v<|B|<2v+m+2

/ a(r,m dn‘ (5.72)

IA

where

_ _aa( Enn))

(5.73)

n=0

vanishes for odd |al. Since the support of u(r,y) with respect to y is included in the ball
of radius ¢r'/27% with center 0 in R™*!, we obtain the bound of the RHS of (5.72) from
(5.67):

Cr{(m+)=21)(1/2-6) (5.74)

Taking v > (m + 1)/2, we have an expansion formula for [;(rw). In particular, as the
first approximation we get for large r > 1

Il(rw) . <2ﬂ_)(m+1)/27,(17m)/267(mfl)wi/4€ir¢>(sg,5c) det J(SC,£C)|71/2J3(£C) — 0<T7(m71)/2>.

Noting that
D(Se, ) = A/2u, | det J(se,&)| = (2u)~m3/2,

we obtain returning to (5.57)

Ro(p +10) f(rw)
= V2mer (T ) (AT T (E £ (/2p0) + oY)

as r — oo for f € C°(R™ — {0}). Similarly we can show

Ro(p —10) f(rw)
- ,/Qﬁe(m—3)7ri/4(2'u)(m—3)/46—i\ﬁ p(m— 1/2 (FF)(— /—w ) + ofr (m— 1)/2)

as r — 00.
Reversing the order of expression we obtain a relation between the Fourier transform
F(u) defined by (5.16) and the spatial asymptotics of the free resolvent Ry(u £ i0):

Theorem 5.2 For Ff € C(R™—{0}) and u >0, w € S™ 1, one has
Fp)f(£w) = (2m) V2t m=3mi/4 g )14 Jim p(m=D/26FV20m (R0 (1 4 40) f) (rw). (5.75)
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5.3 Propagation estimates for the free evolution

In this section we consider some estimates of e =0 which are stronger version of Theorem
3.2 in the free Hamiltonian case. For this purpose we introduce the notion of pseudo-
differential operator (we call this a ¢)do in the following). P is called a t»do with symbol
p(x, &), if it is written for f € S

=05 [ [ e (o) o)y (5.76)

where gis the variable defined by (5.47). We call p(z, ) the symbol of the ¢»do P and
write p(x, &) = o(P)(z,€£). For (5.76) to be well-defined as an oscillatory integral, we need
to assume some smoothness conditions on the symbol p(z,§) of P. E.g. let us assume
that p(z, &) is C* with respect to (z,¢) and satisfies the estimates

sup  |000¢p(x,€)| < oo (5.77)
(2,€)€R2m

for all multi-indices « and (. Let as before y € S(R™) such that x(0) = 1, and set
Xe(&) = x(€€), and define (5.76) by

)=t [ [ 0,0 f(5)dydE (5.789)

€l0
Then using the relation
2\ —iyt _ 2\ —iyé
(1+Dy)e™™ = (1+ [¢[7)e™™",

we integrate by parts inside the integral (5.78):

Pi(z) = lm / / e €) (€)1 + €)™ (1 + D2)™ f(y)dydE

€l0
_ / / e DEp(x, €)(1+ €)™ (1 + D2)™ f () dydE.

Thus Pf is well-defined for f € § as an oscillatory integral independently of the choice
of the damping factor x.. We write Pf as Pf = p(X, D,)f to indicate the symbol p(z, &)
used in the definition (5.76).

As other forms of the definition of ¥do, we can adopt

Qf(x) = q(Dy, X') () = Os- / / 0 (€, 1) f () dyde,

or
Pf() = p(X, Dy, X')f(z) = Os- / / 0, €, y) f (y)dydE,

where the symbols ¢(§,y) and p(x, &, y) satisfy
sup (3¢ (E.v)] < oo,
(&y)eR?

sup 020, 0)p(x, &, y)| < oo
(z,8,y)ER3™

for all multi-indices «, 3,. The relation between these expressions is given by
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Proposition 5.3 Let p(z,&,y) be as above. Then Pf = p(X, D,, X")f is written as

Pf(z) = pu(X,D)f(x) = Os- / / eV (0, ) f(y)dydE  (5.79)

— el e X)f (@) = Os [ [« puiepsidviE, (580

where py(w,€) and pr(€,y) are defined by
pr(z, &) = Os- / / e Wip(x, €+ 0,z + y)dydn, (5.81)
pul6.n) = Os [ [ iy + 2.6+ g 2)dzan (5.82)

Proof is easily done by using Fourier transformation, and is left to the reader.

It is easy to see that for P = p(X, D,, X'), the adjoint operator P* is given by

— 05 [ [ BT )

Thus if we consider the operator P*P, we have the integral operator

P*Pf(z) = Os / / 0 (2, €, y) f () dydE,

where
r(z, & y) = Os- / / e p(x + 2, &+, 2)p(a + 2,€, y)dzdiy. (5.83)
If we define the semi-norms for the symbol p(x, &, y) by
lple = sup sup 050, 0] p(x, &, y)]
o]+ Bl+|v|<L x.E ye R™
for ¢ =0,1,2,---, then we have for r above
rle < C7lpls (5.84)

for some constant Cy, > 0, where
' =10+ 2mg, mo=2[m/2+1].

Here for a real number s, [s] denotes the greatest integer that does not exceed s. This is
seen by integrating by parts in (5.83) by using the relations

(L+D2)e™™ = (L+ [n[*)e™™,  (1+ Dp)e™™ = (1 + |z[*)e™"", (5.85)

and noting that

/ / (1+ [g2) /271 £ 22) /2 dzdy < oo, (5.86)
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For the product of v +1 (v > 1) ¢do’s

Pif(z) = Os / / Y (0,6 fp)dydE, (= 1,2, v+ 1),

we rewrite P f:

Pyf(z) = Os- / / e VEp, (.6, + y)f (x + y)dydE

and calculate the product @, .1 = P, --- P,.1. Then we have

QV—Hf(x) = Os- / / ei(x—ac’)fqy+1(x’ 57 x,)f(x/)dx/dg

Here
QV"Fl(l‘? 57 IL‘,) (587>
2v
—— v
= Os- / te / G_iZ;zl v Hp](l‘ + gj_la g + 77]7 x + gj)pV-i-l(l' + gV’ 57 x/)dyl/d,ﬁV7
7=1
where

g0:o7 gjzyl++y](j:172aay)7
dy’ =dy'---dy’, dn’ =dn'---dn”.

Using (5.85), we integrate by parts in (5.87):

qerl(LU,é-,SUI) (588)
2v )
= Os-/-~~/e"z?—1yj”J TIC+ 1y ™)~ (1 + Do)
/=1

<[+ @+ 2+ P )poai(z+ 7€, 2 )dy"diy”.
j=1

We then make a change of variables
Z]:y1++y] (j:1727"'71/)a
which is equivalent to

y =2 -7 V=0

Noting

v

oy =) W -t gt =0,
j=1

k=1
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we again integrate by parts in (5.88):

Q1 (2, & 2") (5.89)
2v
—N— v
= OS_/.../eiZZﬂZ’“(n’“nk+1)H(1+ In _nkﬂ‘mo)—l(l_irD;rkzo)
k=1

< [T+ 12— =)+ D)
/=1

< [[pilx+ 276+ + 2 )pa(z + 2.2 )d=" diy”.
j=1

By (5.86), we now obtain the estimate:

v+1

‘QV‘l‘l('x?g?’ZJ” < Cg—H H |pj‘3m0

Jj=1

for some constant Cy > 0 independent of v. Differentiating the both sides of (5.87) and
estimating similarly, we have with ¢; being 3-dimensional mulit-indices

v+1

g (@ &)< CE > T pilsmories (5.90)

0144y 1| <O =1

Note that the constant Cy in (5.84) depends on ¢, while in the present estimate (5.90) it is

replaced by the sum Z| Oty 11 | <0 which enables us to take the constant Cy independent
of /. -

Using this estimate we prove

Theorem 5.4 Let p(x,&,y) satisfy |ple < oo for all ¢ < 3mgy. Then P = p(X, D,, X’)
defines a bounded operator from H = L*(R™) into itself satisfying

1P| < Colplsm (5.91)
for the constant Cy > 0 in (5.90).

Proof*: Let x € C5°(B), x(0) = 1and 0 < y(x) < 1, where B = {(z, &, 2)| max(|z|,|¢], |2']) <
1}, and set for 0 < e <1

pe(z, &, 2") = x(ex, €€, exp(x, &, 7).

Set

K(x,x’):/ '@y (1, €, 2')dE.

4Proof here follows that of [34] p.224
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Then

Ff(x) = pe(X, Dy, X') f () = - K(x,2) f(2')da’

satisfies the estimate for f € S
[Pefllne < VE[plol £l (5.92)

where V, > 0 is the volume of the ball |¢] < ¢! in Ry,
Now set for v =2 (£ =0,1,2,--+)

v
N

QEV :ZP:Pﬁ) (PE*PES

Then by o(PF)(x,&,2") = pe(2', &, x) and by (5.87), the support of the symbol o(Q., )(z, &, z’)
of Qe is included in B, = {(z,§,2)| €(z, &, 2") € B}. Thus for this Q,, (5.92) also holds:

Qe fl V2o (Qa)loll Il (f €8). (5.93)
By |Qa fII? = (Q5,Qaf, f) < Q5 QullllfIP, we have [|Qu|® < Q5,Qa ] = [[Qcanll.

Thus repeating this argument, we have
|2 < P2 = 1Qall < 1Qell < -+ < 1 Quian I
for any ¢ =0,1,2,---. Inserting (5.93) into this and applying (5.90), we obtain
|2 < (VEo(Qea)lo) " < V¥ Colpelsm,.
Letting ¢ — oo we get
[ Pell < Colpelsms-

Since, as € — 0, P.f — Pfin H for f € S and |pe|sm, — |P|3m,, We obtain the theorem.
U

With these preparations, we investigate the so-called propagation estimates for e=##o,

Propagation estimates are the estimates with respect to time ¢ of the operator norm of
P itHop,
where P; are the 1do’s of the following types:
P, = <x>_5, (s > 0) (5.94)
P f(z) = Os- / / Vp.(6.) (4)dydE, (5.95)
=05 [ [ %0, () (5.96)
Here ¢ and p4 are the symbols satisfying for all £ =0,1,2,---

\qle + [p+|e < o0
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and for some 6 € (—1,1) and p >0 with 0 +p<1and § —p > —1

0208+ (6.0)] < Clnala) ™ (cos(,) 1= rr < 0-+1) (5.97)
1050, p—(2,8)] < Crapla)™" (cos(x,€) > 60— p). (5.98)

For a technical reason to avoid the singularities at x = 0 and £ = 0, we also assume for
some o > ()

q(§) =0 ([¢] <o) (5.99)
p+(&2) =0, p_(2,6) =0 (Jz] <oorl <o) (5.100)

Of course by Proposition 5.3, we can consider other forms of ¢do’s by rewriting them as
the 1do’s of the form of (5.95) or (5.96).
What we prove are the followings:

Theorem 5.5 Let P, be as above. Then we have for any s > 0
|Poq(Dy)e ™o p,|| < C(t)™ (t € RY), (5.101)
where the constant Cs > 0 is independent of t € R*.

Theorem 5.6 Let P; and Py be as above. Then we have for any s > 0 and s > § >0

| Pye™ ™o P (2)°]] < Cys(t) T (¢t > 0), (5.102)
[{(z)° P_e ™o P || < Oy(t)™*T  (t > 0), (5.103)
where the constant Cys > 0 is independent of t.
Theorem 5.7 Let Py be as above. Then we have for any s >0 and § > 0
[(z)* Poe™™ 0 Py ()| < Cus(t) ™ (t 2 0), (5.104)
[(2)° Pre™™ 0 P_(2)°|| < Cos(t) ™ (¢ < 0), (5.105)

where the constant Cys > 0 is independent of t.

If we take a Laplace transform of (5.101) when s > 1, we obtain for ¢ > 0

i / P, (Dx)e”““e)e-“ﬂopsdt" < C,,
0

where Cy > 0 is independent of € > 0. Since the integral is equal to Psq(D,)Ro(A+i€) Py =
(x)75q(D,)(Ho — (A + i€))~*{x)~*, this implies a partial result of Theorem 5.1 for s > 1.
Also taking the Laplace transform of (5.104) and (5.105), we obtain for 6 > 0

|PsRo(A % i€)Pellyz, .12 < Cs, (5.106)

where Cs > 0 is independent of € > 0.
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The reason that these theorems are called propagation estimates is as follows: In
the case of Theorem 5.5, P, on the RHS of P,e 0P, f when applied to a function
f € H = L*(R™) restricts the initial state f in a localized region around 0 to the order
(r)~*. P, on the LHS restricts the propagated state e 0P, f also in a localized region
around 0 to the same extent. According to the propagator e~  as is indicated by
Theorem 3.2, the wave function f restricted to a region G in R should propagate along
a line parallel to the “idealized” velocity v with |v| > o(> 0): If f is localized in a region
G of R™, physically the region G should move to the region G +tv = {x+tv| x € G} after
time t. Thus the localization factor P; on the LHS should effect so that ||P,eHo P, f||
decays as t — 0o. Theorem 5.5 tells that the rate of this decay is ¢7*.

In the case of (5.102) of Theorem 5.6, P, on the RHS of P,e 0P, restricts the
initial function to the phase space region where cos(x,v) > 0 + p by (5.97). Then the
state e~"Ho P, f propagates toward the direction v # 0 which is almost parallel to z. Thus
the location of the state should be separated from 0 when ¢ — oo. Theorem 5.6 gives the
rate of this separation.

In the case of Theorem 5.7, similarly to (5.102) of Theorem 5.6, the state e"*Ho P, f
propagates toward the region in the phase space where x and v are almost parallel to
each other. Since P_ on the LHS restricts the state to the region where x and v are
anti-parallel, the state P_e o P,_f should decay. Theorem 5.7 gives the rate of this
decay.

We now prove these theorems.

Proof of Theorem 5.5: 1t suffices to prove (5.101) for even integers s > 0, because we have

only to interpolate them to get the desired estimates. The case s = 0 is obvious. Let
s > 0 be an even integer. We recall (5.49):

e=itHo f (1) — O / / i€ /2-69) £ (1)) dyd€, (5.107)

and the arguments after it, where it was shown that (5.107) is rewritten as (5.53) in which
integration by parts with respect to £ and y can be performed any times. Thus using the
relation

(1~ 1€D)e ™% = (14 [tE[2)e /2 == h(t, €)e <"/,

we integrate by parts in (5.107) to get
q(Dy)e ™0 f(z) = Os- / / e M2 (14 4€De)(L, €)Y [q(€)e e f (y)dydE
J o~
~ Os / / SEEER /D ST Q (1) (1, €) Py (y)e ™ £ (y)dydE.
j=1

Here J is an integer, ();(z) and P;(y) are polynomials of z and y of order up to s, and
h;(t,€) satisfies

|hj(tv§)|€ < C€<t>_s (é =0,1,2,- )
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by the inequality
(1+ [t~ <o),

which holds on supp ¢ by (5.99). From these, we obtain

J
Pyg(Dy)e "™ P, f(x) = Os- / / el 2=80) oy (Vs (t, )55 (y) f (y)dydE, (5.108)
j=1

where u;(x) and s;(y) satisfy
|ujle + [85]e < 00

for all £ =0,1,2,---. Noting that (5.108) can be written as
J
Puq(Dy)e ™ P, f = " uj(X)hy(t, Dy)e "0s;(X") f,
j=1

we use Theorem 5.4 to conclude the proof. [

Proof of Theorem 5.6: We prove (5.102) only. Another is proved similarly. We have only
to prove the estimate for an even integer s > 0 as above. We write

e Py ()’ f(x) = Os- / / eSS (€, ) (y) f(y)dyde,
and integrate by parts with respect to £ using the relation
(1 8 + y?) 711 = (16 + y) D) I€/3H60) = (mile2e),
Noting

A+ [E+y) " A+ y) " <O+ [,
tE+y| 7t <O+ lyl) ™" (cos(y, &) =0+ p)

and applying (5.97) and (5.100) to the result of the integration by parts, we obtain

Py(a)e™ sy (t; Dy, X'){y) fy), (5.109)

]~

TP (1) f(x) =
k=1

where K is some integer, Py(x) is a polynomial of x of order at most s, and each symbol
sk(t; &, y) satisfies

se(t; €, y)|e < Co(t) ™

for all £ =0,1,2,---. Thus Ps on the LHS of (5.102) damps the growth of Py(x), and we
obtain the desired estimate by using Theorem 5.4. [J
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Proof of Theorem 5.7: We consider the case t > 0 only. The other case is proved similarly.
We divide P_ and P, as

P_:P__+P_+, P+:P+_+P++,

where the respective symbols satisfy

supp p——(2,§) C {(x,§)| cos(x,§) <0 —p/3,|z] > 0,[{| > o}
supp p—+ (2, &) C {(z,8)| cos(z,§) >0 —2p/3, |z > 0,[§| > o}
supp p+— (&, y) C {(§,y)| cos(y.&) <0+2p/3, |yl = 0,[¢] = o}
supp p++ (&, y) C{(§,y)] cos(y.&) >0+ p/3, |yl > 0, [¢| > o}
and
(@) p—ile < 00,  [(y)*ps-le < o0 (5.110)
for any k,¢ =0,1,2,---. Then we have to estimate the four terms:

(@)7P_c 0P, (5)S, (a)7P_c UOP,  (z)’
(@)’ P_ye”™0Py ()’ (2)°P_ye P (x)°.

By Theorem 5.6 and (5.110), we have

|(2)’ P_ e 0P, (2)’] <
[(2)* P e ™0 Py (2] < Clust) ™,
|(2) P__e~ 0P, _(2)7] <

Thus we have only to consider
() PP, (2)? () (5.111)
=05 [ [ @Ry (n, O (€0 0) S )iy

Noting

o — 1€ — | < C(Ja| + Jt€] + [y]) (5.112)

for (z,€,y) satisfying cos(x,&) < 0 — p/3 and cos(&,y) > 6 + p/3, we integrate by parts
in (5.111) by using the relation

Qei(rE—1E2/2-36) _ (i(at—162/2-y8)

where
Q=1+ |z —t&—y)"'(1+ (z — t& — y) De).

Then we obtain

(2) P__e~tH0 P ()’ O&//Z$MfU%yﬁ@@£
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where
1(2,6,) = QY (@) p—— (2, Op+ (€ ) 5))
satisfies by (5.112)
102020 (2, €, y)| < Coagope(t€)>™0 () H/3+ (1) TH/3 (y) ~H/3+8

for all a, B,y with |a+ 3 + | < 3mg and any integer k > 0. Therefore by Theorem 5.4
and (5.100), we obtain the theorem. [OJ
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Chapter 6

Two-Body Hamiltonian

6.1 Eigenvalues of a two-body Hamiltonian

In this chapter we consider a perturbed Hamiltonian defined in H = L?*(R™) (m =
1,2,---)

H=Hy+V, (6.1)

where Hj is the free Hamiltonian defined by (5.1) and V' is a multiplication operator by a
real-valued measurable function V' (z) that can be decomposed as a sum of two real-valued
measurable functions: V(x) = Vg(x) 4+ Vi (z) satisfying the decay assumption:

Vs(2)| < Cla)™, (6.2)
05V (2)] < Cala) ™ol

for a constant 0 < 0 < 1 and all multi-indices « with constants C' > 0 and C,, > 0
independent of x € R™. H is a generalization of a two-body Hamiltonian that describes
the two-body system in R? to a general dimension m = 1,2,---. Vg and V;, are called
short- and long-range potentials respectively. The assumption (6.2) can be weakened to
allow some local singularities with respect to x € R™. E.g.

hR) = |Vs(Ho + 1) 'X(aliui>ry || € L'((0, 00)) (6.4)

is known sufficient ([8]) for some results we prove below. (6.4) includes the Coulomb
singularities of order 1/|z| at = 0, thus together with the long-range part V, V' covers
the Coulomb type long-range potentials. As the inclusion of singularities is of rather
technical nature, we restrict the description below to the potentials satisfying (6.2) and
(6.3).

As is well-known (see, e.g. [43], Chapter 4.), the perturbed Hamiltonian (6.1) has
eigenvalues in general, unlike the unperturbed Hamiltonian Hy. Thus we have first to
specify eigenvalues and eigenspace H,(H) of H. Then restricting the total Hilbert space
H to the continuous spectral subspace H.(H) = H,(H)*, we will consider the properties
of scattering states f € H.(H).

Before going to the investigation of eigenvalues of H, we see that H defines a selfadjoint
operator in H. In the case of the unperturbed Hamiltonian Hy, the selfadjointness was

61
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trivial by virtue of the expression (5.5). But in the case of the perturbed Hamiltonian,
getting such an expression is a problem that will be solved later. We recall the definition
of the adjoint operator H* of H. Let D(H*) be defined as the set of all g € H such that

there exists an f € H satisfying
(9, Hu) = (f,u) for all u € D(H). (6.5)

Since D(V') = 'H, the domain D(H) of the Hamiltonian H = Hy+ V is equal to D(Hy) =
H?(R™), which is dense in H. Thus the relation (6.5) determines f uniquely. Then we
define H*g = f for g € D(H*). In general, H is called symmetric if H* is an extension
of H (in notation H C H*) and selfadjoint when H* = H. A symmetric operator H is
called essentially selfadjoint if the closure H** of H is selfadjoint. In our case of Hy and
V, it is clear that Hy and V are selfadjoint with D(H}) = H?(R™) = D(H,) by (5.5), and
D(V*) =H = D(V) by our assumptions (6.2) and (6.3). Thus D(H*) = D(H;)ND(V*) =
H?(R™) = D(H); hence H is selfadjoint.
Turning to the eigenvalues of H, we define i[H, A] as a form sum

for f,g € S, where as before A= (v-D,+ D, -x)/2=x-D,+m/(2i) = D, -x —m/(2i)
is a selfadjoint operator with D(A) = H{(R™), the weighted Sobolev space, as defined in
the section of Notation at the beginning.

We first prove the non-existence of positive eigenvalues of H. To do so we set P(\) =
Eg(A) — Eg(A —0) for A > 0. (See the section of Notation.) Then letting B = (A —
€/p, A+ €/p) with e > 0 sufficiently small and p > 1 sufficiently large, and using the
equalities as form sums i[Hy, A] = 2H, and [V, A] = —z - V,VL(x), we have for any
ueH

(Ex(B)ilH, A Ex(B)u, u) (6.7)
= i(AEy(B)u, HEg(B)u) — i(HEg(B)u, AEy(B)u)
= i(AEy(B)u, VsEy(B)u) —i(VsEy(B)u, AEg(B)u)
+(i[Ve, A]Ey(B)u, Ey(B)u) + (2Ho By (B)u, Ey(B)u)
=i(z- D, Ep(B)u,VsEy(B)u) —i(VsEy(B)u,x - D Ey(B)u)
+m(VsEn(B)u, Eg(B)u) — (x - V.V Eg(B)u, Ey(B)u)
—(2VEg(B)u, Ey(B)u) + (2HEy(B)u, Ex(B)u).

and Ey(B)V Ey(B) are compact operators defined on H. In (6.7), we replace u by
ug = p(x/R)u(r) with R > 1, where p € C*(R™), 0 < ¢ <1, ¢(x) =1 for |z| > 2 and
o(x) = 0 for |z| < 1. Then since the multiplication operator ¢r = p(z/R) — 0 strongly
in H as R — oo, by taking a large R > 1, we can bound the terms on the RHS of (6.7)
except for the last term by an arbitrarily small constant times ||Ey(B)ug|?, while the
last term is bounded by 2(\ — €/u)(Eg(B)ug, Eg(B)ug) = 2(A — ¢/p)||Ex(B)ug||* from
below. Thus we have

(Ex(B)i[H, A|Ey(B)ug,ugr) > o||Eg(B)ugl|? (6.8)
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for some constant o > 0 when R > 1 is sufficiently large. We remark that this inequality
holds uniformly in small € > 0 and large p > 1.

On the other hand, if we set R, = u(u +¢A)~! for the same p > 1, it is easy to see
that sup,,, [|R,|| <1, and s-lim,, ., R, = I. Then we have that for any small ¢ > 0 there
is an M, > 1 such that for u > M.:

|(En(B)ilH, R,|Ex(B)ug, up)| (6.9)
= |i(R,En(B)ur, (H — \)Ex(B)ugr) — i((H — A\)En(B)ug, R, En(B)ug)|
< 2¢/pl|Eg(B)ugll.

By a calculation, we have —u[H, R,| = R,i[H, A]R,. Thus we have for ¢ > 0 and p > M,
((Ex(B)R,ilH, AJR, Ex(B)ug, ug)| < 2¢||Ex(B)ug|?*. (6.10)

Letting ;1 — 0o, we obtain for an arbitrarily small € > 0
[(P(\)i[H, A]P(Nur, ur)| < 2¢||[P(A)ugl*. (6.11)

This and (6.8) with being let ;1 — oo yield that P(A)pgr = 0, and hence prP(\) = 0. Let
now u € D(H) satisfy Hu = Au. In this case we have P(A\)u = u, thus gg(z)u(z) =0
for a.e. © € R™. Whence u(zx) = 0 for |z|] > 2R. This and the well-known unique
continuation theorem for the solutions of elliptic partial differential equations (see e.g.,
[14]) yield u(x) = 0 for all x € R™. Hence H has no positive eigenvalues.

Next we consider negative eigenvalues of H. Assume that Hu; = A\ju; with A\; < A\ <
0 and (u;, uj)y = 0;; for 4,5 =1,2,--- and that \; — A(< Ag) as j — oo. Then

(Hg — /\j)uj = —VUj S Lg
by our assumptions (6.2) and (6.3). Since —\; > —Xo > 0, from this relation we obtain

sup [[u;| gz = sup [|(Ho — X))~ V| 2 < oo. (6.12)
J J

In particular, we have that {u;}32, forms a precompact subset of H = L?(R™). Therefore
there is a subsequence {u;, } of {u;} such that u; — w as k — oo in H for some u € H.

By |Ju;, |lx = 1, we thus have |lulx = 1 and limg_oo(u;,, u)3 = |Jul|?, = 1. On the other
hand by our assumption (u;,u;)y = d;;, we also have (uj,,u)y = lim; o (uj,,u;) =0
for any £ =1,2,---, a contradiction. Thus no negative eigenvalues accumulate to a real

number other than 0. Further taking A\; = A < A\g < 0 in the argument, we also see that
all negative eigenvalues have finite multiplicity.
Summarizing we have proved:

Theorem 6.1 Let the conditions (6.2) and (6.3) be satisfied. Then the two-body Hamil-
tonian H = Ho + V in (6.1) has no positive eigenvalues, and its negative eigenvalues
are of finite multiplicity and do not accumulate other than 0. In particular, the set of
eigenvalues of H is at most countable, and discrete except for the neighborhoods of 0.
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6.2 Wave operators

We now consider the behavior of exp(—itH)f for f € H.(H) = H,(H)* when time ¢
varies. As has been indicated in Theorem 3.2, exp(—itH)f for all f € H.(H) scatter

as t — +oo. In the case of the two-body Hamiltonian H, the theorem implies for any
f€H(H)NH*(R™)NL3(R™), R >0, and ¢ € Cg°(R")

|F(|z| < R)exp(—it,,H)f|| — 0, (6.13)
[(¢(H) — ¢(Ho)) exp(—it, H) f]| — 0, (6.14)
H (% ~ Dm> exp(—ith)fH 0 (6.15)

as m — £oo. We note that (6.14) implies Ex(B)f =0 for f € H.(H) and B C (—00,0),
which is seen by taking ¢ € C§°((—00,0)) in (6.14) and remembering Hy, > 0. (6.15)
yields that the relative position of the two particles goes to the direction almost parallel
to the relative momentum of the two particles. This is an analogue of the propagation
estimates Theorems 5.5-5.7 for the free Hamiltonian. Thus we are tempted to compare the
behavior of exp(—itH) f (f € H.(H)) with the behavior of the free propagator exp(—itHy)
as t — +oo. In fact we can prove the following theorem:

Theorem 6.2 Let (6.2) be satisfied and let Vi (z) = 0 (x € R™). Then there ezist the
limats

itH —itHg

Wig:tgrinooe e g (6.16)

for any g € H = L*(R™). W4 are called the wave operators.

Proof: We compute

¢ t

eitHe—itHog —g= / i(eisHe—isHog)dS — Z/ eiSHVSe_iSHogdS. (617)
o ds 0

Since the functions of the form g = ¢(D,){x)~1=°h with h € L?(R™) and ¢ being the sym-

bol satisfying (5.99) in section 5.3 are dense in H = L?*(R™) and the operator e ¢io

is uniformly bounded in ¢t € R!, we have only to show the convergence of the integral in

(6.17) for g = q(D,)(x)"'=°h, where § > 0 is the constant in (6.2). By Theorem 5.5 and

(6.2), we have

[Vse™*oq(D,){a) "=kl < ()7 ||| € L' ((~o00, 00)). (6.18)
Thus the integral in (6.17) converges for such a g and the proof is complete. [J

By the definition (6.16) of W, we easily see that W, are isometric operators from H
into H and the relation holds:

HW L = Weefo (s € RY). (6.19)
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By (5.56) and its variant for H, we have for ¢ > 0,\ € R' and f € H
+oo
Ro(Atie)f =i / eisOEie=Ho) £ (6.20)
too
R\ +ie)f =i / st £, (6.21)
0

Taking the Laplace transforms of both sides of (6.19), we thus have

R\ tie)Wy = WLRy(A £ ie). (6.22)
It follows from this that
1 1

Let Ey(a) = 2(Ey(a—0)+ Eg(a)), etc. Then it is not difficult to see (see [50] p. 325 or
[21] p.359) by using (5.10)-(5.12) that for —oo < a < b < 0o

.1t , , _ _
sl - / (ROA+i€) — R(A — i€))dA = By (b) — Enla), (6.24)
.1 , _ _ _
slim - / (Ro(\ + i€) — Ry(\ — i€))dA = To(b) — Fola). (6.25)

From these and (6.23), we now have
Eu(B)Ws = WiEy(B) (6.26)

for any Borel set B C (—00,00), where Ey(B) and Ey(B) are spectral measures for H
and H respectively. From (6.26), we have for any continuous function F'(\),

F(H)W. > W F(Hy). (6.27)

This relation is called the intertwining property of the wave operators W..
We define the absolutely continuous spectral subspace H,.(H) of a selfadjoint operator
H as the space of functions f € H such that

Ey(B)f=0 if |B|=0, (6.28)

where |B]| is the Lebesgue measure of a Borel set B of R!. We remark that f € H.(H) =
H,(H)™* is equivalent to the condition

(Ex(M\)f, f) is continuous with respect to A € R'. (6.29)

In fact, the eigenspace of H for an eigenvalue A € R! is equal to P(\)YH := (Ex()\) —
Eg(A — 0))H, where Eg(A — 0) = s-limyy Eg(p). Thus H,(H) is spanned by P(A\)H
with A € R!, and the orthogonal complement H,(H)* consists of those elements f that
satisfy (6.29). In the case of the free Hamiltonian Hy, it follows from Theorem 5.1 and
H,(Hy) = {0} that

Hac(HO) = HC(HO) =H. (630>
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Combining this with the intertwining property (6.26), we see that for f = Wyg in the
range R(Wy) = WiH,

for a Borel set B with the Lebesgue measure |B| = 0. Namely Wif (f € H) belongs
to the absolutely continuous spectral subspace Ho.(H)(C H.(H)) of H. Thus we have
shown

R(Wx) C Hae(H) C He(H). (6.32)

For the perturbed Hamiltonian H, H,(H) # {0} in general as seen above, thus (6.30)
does not necessarily hold. Nevertheless by Theorem 3.2, it is expected that

R<W:I:) = H(ZC(H) = HC(H> (63?))

holds. If this equality holds, H.(H) is unitarily equivalent to H.(Hy) = H = L*(R™) by
the unitary operators

Wit H="H(Hy) = Hae(Ho) — He(H) = Hae(H), (6.34)

which intertwine H and Hy. The relation (6.33) is called the asymptotic completeness of
the wave operators W,. Assuming the asymptotic completeness holds, we define unitary
operators

Fi=FW:: H(H) — FH, (6.35)

where F is Fourier transformation as before. Then by the intertwining property (6.27),
we have for f € H.(H) ND(H)

_ 1

FeH[(§) = FWLH[(§) = FHWLf(E) = =~

FLf(€). (6.36)

Thus F. are considered as generalizations of Fourier transformation that diagonalize H on
H.(H) as the usual Fourier transformation F diagonalizes Hy: FHyf(£) = (|€]?/2)F f(€)
(f € H.(Ho) N D(Hy) = D(Hyp)). Thus the asymptotic completeness gives a spectral
representation of the perturbed Hamiltonian H = Hy + V.

6.3 Asymptotic completeness

In this section, we will be devoted in the proof of the asymptotic completeness (6.33). To
do so, since by definition

Hoe(H) C H(H), (6.37)
we have only to show that

H.(H) € R(Wy). (6.38)
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The definition of wave operators W4 in (6.16) is known working only for short-range
potentials satisfying (6.2) or (6.4). To extend (6.38) to include the long-range poten-
tials satisfying (6.3), it is necessary to modify the definition (6.16). We here choose a
modification of the form

Wef = lim et Je~itHo £ (6.39)

where J is an identification operator or time-independent modifier introduced in [19], and
will be defined as a Fourier integral operator of the form

I@) = Os [ [ e p(y)aydé (6.40)
= o [ HOfe

Here f is the Fourier transform of f € S(R™), ¢, = (27)~™/2, and the phase function
o(z, &) will be constructed as a solution of an eikonal equation

SIVap(m, ) + Vi(a) = 5P

in the forward and backward regions, in which x € R™ and ¢ € R™ are almost parallel
and anti-parallel to each other, respectively. With ¢(x, &) being well-defined, we argue
as follows: We appeal to the Cauchy criterion of convergence in proving the existence of
Wy and its asymptotic completeness: R(W.) = H.(H), with using Theorem 3.2. For
instance, the argument for the asymptotic completeness is as follows: We consider the
case t — 400 only. The other case is treated similarly. Noting that the vectors of the
form Ey(B)g with g € H.(H) and B being a Borel subset of the interval (0, c0) are dense
in H.(H), we evaluate the difference for g € H.(H) with g = Ey(B)g (B C (d?/2,b), 0 <
d, 0 < d?/2<b<o0):

(eitHojflefitH o eithojflefith)g (6.41)

— itmtlo (gilt=tm)Ho J=lo=ilt=tm)H _ j=1)o=itmH g
Here t,, is a sequence in Theorem 3.2 tending to infinity as m — oo and J~! is an inverse
of J that exists for a suitable choice of ¢. By virtue of Theorem 3.2, we can insert a
factor Py F(|z| > R,,) between (e'(t=tm)Ho j=le=ilt=tm)H _ j=1y and e="mf g on the RHS of
(6.41), where P, is a ¢do in (5.95) satisfying (5.100) with o = d?/2, and R,, is a suitable
sequence tending to infinity as m — +oo such that (6.13) holds with R > 0 replaced by
R,, > 0. For the later use, we choose the symbol p, (§,y) of P, such that it satisfies in
the forward region

10507 p+ (€, y)] < Cagly) ™ (cos(y, &) = 0+ p). (6.42)

for any multi-indices a, 3, where the constant C,3 > 0 is independent of (£, y). Since the
role of P, is to restrict the support of the applied function to the forward sector, this



68 CHAPTER 6. TWO-BODY HAMILTONIAN

restriction is not an essential one. We then estimate

(et = tem I — JTY P (|2] > Ry (6.43)
Hei(tftm)Ho Jflefi(tftm)H(J . ei(tftm)HJefi(tftm)Hg)J71P+F(‘x| > Rm)H

IN

t—tm d ) )
CH/ - (e Je7H0) JT PP (|| > Ry)ds
0
t—tm
< 0/ [(HJ — JHy)e o J7 P F(|z| > R,,)|ds.
0

Here by the eikonal equation, T'= HJ — J H, decays in the forward direction to the order
(x)~179 so that we can apply Theorems 5.6 and 5.7 to get

|Te " o J= P F(|z] > R, (6.44)
< || Tem 0 J =Py (2)° 2 || (2) =2 F (Ja| > Rpn)|| < C{s)™' /2 (Rpn) ™2,

These yield
”<€itH0J—1€—itH - 6ith0J—1e—ith>gH =0 (645)
as t > t,, — oo. Thus we have a Cauchy criterion for t > s > t,, — oc:

”<€z’tHo J—le—itH . 6z‘sHO J—le—z’sH>g|| (646)
S H(eitHojflefitH o eithojflefith)gH
| (isHo JemisH _ gitmto jlo=itmH) o1, ),
This proves the existence of the limit
Qg = tlim ltHo J=1e=ith (6.47)
for g € H.(H). Combining this with the existence of W, , we get for g € H.(H)
g=W,Qg € R(W,), (6.48)

which will complete the proof of the asymptotic completeness.

To construct the phase function ¢(z, ) with the desired properties, we need to consider
the classical orbits associated with the classical Hamiltonian:

Hy(t,,€) = SIEP + Vit, ). (6.49)
Here 0 < p <1 and
Vilt.a) = Vilopo(pnyo (L), (6.50)

where ¢(z) is a C*°(R™) function satisfying

o(x) = { é m i% (6.51)
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with 0 < ¢(z) < 1. Then V, satisfies
00V, (t, 2)| < Cop™ ()~ ()™ (6.52)

for ¢,m >0 and 0 < §y < § such that dg + £ +m < |a| + 9.
The corresponding classical orbit (¢, p)(t,s,y,&) = (q(t,s,v,€),p(t, s,y,&)) is deter-
mined by the equation

q(t,s) = y+ [, p(r, s)dr,
{ p(t,s) =& — f; Va V(T q(T,5))dT. (6.53)

Letting 99,01 > 0 be fixed as 0 < dg + 01 < 0, we have the following estimates for
(q,p)(t, s,y,§), which are proved by solving the equation (6.53) by iteration:

Proposition 6.3 There is a constant Cy > 0 (¢ = 0,1,2,--+) such that for all (y,§) €
R?>™ 4t > 45 > 0 and multi-index «:

Ip(s,t,y,£) — €] < Cop™(s)™"". (6.54)
1051V q(s,t,5, ) — I]| < Clap™(s) ™", (6.55)
1021V p(s,t,y, ©)]] < Clagp™(s) " (6.56)
Veq(t, s,y,8) = (t = s)I| < C péo( )t — s, (6.57)
IVep(t,s,y,€) — I| < Cop™(s)~° (6.58)
9,001, 5,3,€) — 11 < g — o, (6.59)
Vyp(t, 5,9, 8)] < Cop (s)7 7 (6.60)
|0 [q(t, 5,5,8) —y — (L = s)p(t, 5,9, 8)]] (6.61)
< Oy p% min((£)' %, |t — s|(s) ).
Further for any o, B satisfying |a + 3| > 2, there is a constant Cop > 0 such that
10002 q(t, 5,5, €)| < Capp™|t — s|(s) ™", (6.62)
1050, p(t, 5,y,)| < Capp™(s)™ (6.63)

From this proposition, taking p > 0 so small that Cyp® < 1/2 we obtain the following

Proposition 6.4 Take p > 0 so that Cop‘s(’ < 1/2. Then for £t > +s > 0 one can
construct diffeomorphisms of R™

r—y(s,t,z,§) (6.64)
E—n(t, s, x,8) (6.65)

such that

{ q(s,t,y(sywyf),ﬁ)) = (6.66)

x
p(t7svxan(t7sax7 >:€ .
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y(s,t,z, &) and n(t, s, z,&) are C* in (z,&) € R*™ and their derivatives 8;3‘(9?y and 5’9‘3‘8?7]
are CY in (t,s,2,€). They satisfy the relation

y(s,t,2,8) = q(t, s, 2, n(t,s,2,8))
{ n(t,s,z, &) = p(s,t,y(s,t,x,§),&) (6.67)

and the estimates for any «, (3
070 [Vay(s,t,2,6) = 1] < Capp™(s) ™", (6.68)
10207 [Van(t, 5,2, €)]| < Capp™(s)~ . (6.69)
08 [n(t, 5,2,€) = €] < Cap™(s) ™ (6.70)
‘aéa[y<8>t7x>€>_‘r_@_‘g)é” ( )
< Cop™ min((t)' ™ |t — s|(s) ™).

Further for any |a+ (] > 2
0200 n(t, 5,2,€)| < Casp™(s) ™", (6.72)
0202 y(5, 1,2, €)| < Capp™(t — 5)(s) ™" (6.73)
Here the constants C,,Cap > 0 are independent of t, s, x,§

The following illustration would be helpful to understand the meaning of the diffeo-
morphisms y(s,t,x,&) and n(t,s,z,£): Let U(t,s) be the map that assigns the point
(q,p)(t,s,x,n) to the initial data (z,n). Then

time s time t
z U(t,S) y(S,t,ZE,f) (674)
n(ta 87x7§) §

We now define ¢(t, z,£) by

o(t,x, &) = u(t,z,n(t,0,z,8)), (6.75)
where

u(t,x,n) =x-n+ / (Hy, — - V.H,)(7,q(1,0,2,1),p(7,0,2,1))dT. (6.76)

0

Then it is shown by a direct calculation that ¢(¢, z, ) satisfies the Hamilton-Jacobi equa-
tion

00(1,,€) = SI€1* + Vilt, Veolt, 2, ), (6.77)
¢(07xa§) =T f,
and the relation
v$¢(t7 x?é‘) = n<t7 07$’€)7 (6'78)

Veo(t,z, &) = y(0,t,z,§). (6.79)
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We define for (z,€&) € R*™
6=(x.€) = lm (6(t,,€) — 6(,0,6). (6.80)
We will show the existence of the limits below. We set for R,d > 0 and oy € (—1,1)

Fi = Fi(R, d, 0'0) (681)

= {(z,§) € B |z] = R, [¢| = d. £ cos(x, &) > oo}
Proposition 6.5 The limits (6.80) exist for all (x,£) € R*™ and define C*° functions of
(x,€). The limit ¢p+(x,&) satisfies the eikonal equation: For any d > 0 and og € (—1,1),

there is a constant R = Ry = Rgy, > 1 such that for any (z,§) € 'y =T'1(R,d, 0¢), the
following relation holds:

S IVebs (@, OF + Vile) = 5P (6.52)
Further for any o, 3 we have the estimate:
0207 (64 (2,€) — - €)] < Cagl€| ™)' ™", (6.83)
where Cog > 0 is independent of (z,€&) € I'y.

Proof: We consider ¢ = ¢, only. ¢_ can be treated similarly. We first prove the existence
of the limit (6.80) for t — 4o00. To do so, setting

R(t,z,&) = ¢(t,x,&) — ¢(t,0,8), (6.84)
we show the existence of the limits

t
lim 02O, R(t, ) = lim O 0200 R(r,x,€)dr + 020, (- €). (6.85)

By Hamilton-Jacobi equation (6.77),

OR(t,x,§) = 0t x,§) — (1, 0,8) (6.86)
= V,(t, Veo(t,2,€)) — V,(t, Veo(t,0,€))
= (Veo(t,2,8) — Veo(1,0,€)) - alt, z,€)
= (y(0,t,2,&) — y(0,2,0,8)) - a((t, z,§)
= VeR(t,z,6) - a(t,z,§),

where
1
alt,,€) = / (VL V)1, Ved(t,0,€) + OV eR(t, ., €))db, (6.87)

VeR(t2,6) =2 /O (V1) (0, £, 0, €)d6. (6.88)



72 CHAPTER 6. TWO-BODY HAMILTONIAN

By (6.68), we have for any «, (3
020 VeR(t, %, €)| < Cap(z). (6.89)
By (6.71) and (6.79), for |5 > 1
0/ Veo(t,0,€)] < Cyltl. (6.90)
From this, (6.87), and (6.89), we have
0207 a(t, 2, €)| < Cap(t) 702 (z)\ "0 (6.91)
Thus by (6.86), (6.89) and (6.91), there exists the limit for any «, 3
lim 9POFR(1,2,€) = / 0200 (VeR(t,2.€) - a(t, x,€)) dt + 920%(x - €).  (6.92)
—00 0
In particular, ¢ = ¢+(37,€> = hmt—>oo R(tax7€) and 77(00707%5) = limy vxgb(taxag)

exist and are C* in (z, §).
Next we show (6.82). By the arguments above, the following limit exist:

Vo€ = Jm Veo(t,.6) = Jim nt,0.2, (6.93)
= t{%p(atuy(&t?xvf%é)'

Thus for a sufficiently large |z| (i.e. for |pxz| > 2) we have
VL0 (e OP 4 Vi) = 5 i [p(0.£.y(0. 1.2, €).OP + V,(0.0). (699
Set for 0 < s <t < o0
(5. 6) = S0l L1, ) + V(s a5, 1,,). (6.95)

Then by (6.53) we have
s

5g (596 = p(s:1.y,£) - (s, t,y,6) (6.96)
oV,
+(Vo Vo) (s,q(s,t,9,8)) - Osq(s, t,y,&) + a—tp(s, (s, t,y,€))
aV,
= a—;(s,q(s,t,y,f))-
On the other hand we have from (6.66) and (6.67)

q(s,t,y(0,t,2,8),&) = q(s,t,q(t,0,2,n(t,0,2,)),§) (6.97)

== q(87 07 x7?7(t, 07 x? é))?
p(S’ t? y(()? t? :B, 5)75) == p(87t7 Q(ta O7$7 /r](t7 073:75))76) (6'98)

- p(s, 07 €, n(tv Oa z, é))
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Now using Proposition 6.3, we have for cos(z,£) > og

la(s.t,y(0,t,2,€),6)| = |q(s,0,2,n(t,0,,€))| (6.99)
> |z 4 sp(s, 0,2, 7(t,0,2,€))| — Cop™ (s)' ™"
= ’l‘ + Sp(S, t7y(07t7 $,§),§)| - OOP6O <S>1_61
> c(|z] 4 s[€]) — Cop™(s)' ™" — Cop™(s)' ™",

where ¢ > 0 is a constant independent of s,t,z,&. By (z,¢) € 'y (R,d,00), we have
|£] > d, and from the definition (6.50) of V, (¢, z)

av,
supp a—tp(s,x) C {z|1 < (log (s))|x|/(s) < 2}. (6.100)

Thus there is a constant S = Sy, > 1 independent of ¢ such that for any s € [, ]

0

i(s, y(0,t,2,£),8) = 0. (6.101)

s
For s € [0, 5], taking R = Rg > 1 large enough, we have for |z| > R and cos(z,&) > oy

0

a—f(&y(O, t,z,€),§) =0. (6.102)

Therefore we have shown that for (z,§) € 'y (R, d, 09)
fe(s,9(0,t,2,8),€&) = constant for 0 < s <t < 0. (6.103)

In particular we have

ft(07 y(07 tv T, 5)7 g) = ft(tv y(07 ta T, 5)7 5)7 (6104>
which means
S10(0,5(0,1,2,€, P + V,(0,2) = S +Vylty(0,t,0,). (6.105)

Since V,(t,y) — 0 uniformly in y € R™ when ¢ — oo by (6.52), we have from this and
(6.94)

%|qu§+(:c,§)|2 + Vi) = %|§|2 for (2,8) € T (R, d,0p), (6.106)

if R > 1 is sufficiently large.
We finally prove the estimates (6.83). We first consider the derivatives with respect
to &:

O (6o (2,6) — - €) = / T 0PO,R(t,x, €)dr, (6.107)

0

where as above R(t,x,&) = ¢(t, z,£) — ¢(t,0,€). Set

Yt 2,8) = y(0,t,2,8) — (x + t€) (6.108)
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for (z,€) € T (R,d,00). Then by (6.71) we have for 6 € [0, 1]

Veo1,0.6) + 0VeR(2.6)] = [(0.,0,€) + 0(y(0.1,2.6) — y(0.4,0,€))] (6.109)
= [t&+7(t,0,8) +0(x +(, z,£) —7(¢,0,8))]
= |z +t&+ (1 —0)v(t,0,8) + 0v(t,x, )|

> co(flz] + tg]) — crp™ min((£) ' |¢])

for some constants cg,c; > 0 independent of z,&,6 and ¢ > 0. Thus there are constants
p € (0,d) and T'= T,,, > 0 such that for all t > T and (z,§) € I' (R, d, 09)

(Veh(t,0,6) + OVeR(t,x,€)) " < C(B)a| +tlg)) (6.110)
Therefore a(t, x,&) defined by (6.87) satisfies by (6.89) and (6.90)

1
Ot z.0)| < 05/0 Ola] + )e)) 2 dp. (6.111)

Using (6.109), we see that (6.111) holds also for ¢ € [0, 7] if we take p > 0 small enough.
Therefore for all (z,&) € I'1 (R, d, 0¢) we have from (6.86) and (6.89)

00 (Do (2.6) —2-6)| < CT,ﬂ<x>/O /0<9|x|+t\§|>_1_5d9dt (6.112)

< Cryp(olel ™ [ (0lal)ap
0
< CT,5<$>175|5|_1-
We next consider

vx¢+(x7§) _5 = }L%(vng(uxa f) - 5) (6113)
= }E?O(p(ov t, y(07 t,x, 5)7 5) - f)

t

= lim [ (V,V,)(1,q(7,t,y(0,t,z,§),£)) dr

t—oo 0
t

= lim (vx‘/p) (TvQ(Ta 07xa77<t707$’€)))d7—

t—o0 0
- / (VaV,) (74, 0, 2, (0,0, . €))) dr-

By (6.54) and (6.61) of Proposition 6.3

(7,0, 2,7(00,0,2,€))| > |z47p(1,0,2,n(0,0,z,£))| — Cop®(r)' ™" (6.114)
> o+ (7, 00,4(0,00,2,6), €)| — Cop™ (1) ™"
> |z + 7€ — Cop <T>1_51 — Cyp® <T>1_61.

Thus taking p > 0 sufficiently small and R = Rq4,, > 1 sufficiently large, we have for
(l’, 5) € F+(Ra da 00)

l4(7,0,2,7(00,0,2,8))| = co|x] + 7I¢]) (6.115)
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for some constant ¢y > 0. Therefore we obtain

Vet (2,8) — €] < C/O (| +7le) ™ dr < Cle) ) ™ (6.116)

For higher derivatives, the proof is similar. For example let us consider
8§8x¢+($,§) -1 = / aﬁ{(vx‘/p) (T,q(T,O,.Z',n(O0,0,iL’,f)))}dT (6117>
0
= / (vwi‘/p) (77Q(Tuo7xvn(oo’07xa§))) qu ' VsﬁdT,
0

where we abbreviated ¢ = ¢(7,0,x,n(00,0,2,¢)) and n = n(c0,0,2,£). The RHS is
bounded by a constant times

/0 el 4 ) (Y < clél () (6.118)

for (z,€) €e ' (R, d, 09) by (6.57) and (6.70) of Propositions 6.3 and 6.4. Other estimates
are proved similarly by using (6.57), (6.62), (6.70) and (6.72). O

Now let —1 < 0_ < 0, < 1 and take two functions ¢4 (0) € C*°([—1, 1]) such that

0<4i(o) <1, (6.119)
o) ={ o I (6.120)
oo == ={ I (6.121)
and set
el ) = valeos(e,)),(costo§) = T8, (6.122)

We then define the phase function ¢(x, &) by

o(z,€) (6.123)
= {(+(2, &) =z - Ox(2,8) + (¢-(2,§) — 2 - Ox—(2,§)} 9(2{/d)p(2z/R) + x - &,

where ¢(x) is the function defined by (6.51). p(x, ) is a C* function of (z,€) € R*™.
Noting that x(z,€) + x_(z,§) = 1 for « # 0, # 0, we have proved the following
theorem.

Theorem 6.6 Let the notations be as above. Then for anyd >0 and —1 < o_ < oy <1,
there is R = Ry = Rgo. > 1 such that R; > 1 increases as d > 0 decreases and the
followings hold:

i) For || > d, |x| > R and cos(x,&) > o, or cos(z,§) < o_

)
1 2 1 2
SV, O + Vie) = S e (6.124)
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ii) For any multi-indices o, 3 there is a constant Cop > 0 such that

050 (p(,€) = 2 - €)| < Capla)' 1) (6.125)
In particular for |a| # 0, we have for §y,d1 > 0 with 6o+ 6, =4

020 (p(,€) — - )] < CapR ™™ () ™" 71(E) ™. (6.126)

iii) Set
—ip(,8) 1 L2 i (z,€)
a(r, &) = e ¥ —§A+VL(:C)—§|£! i@ (6.127)

1 1 '
= §|Vzgp(x,§)|2 + VL(.I) - §|§|2 - %AIQO(ZE,S)

Then a(x,§) satisfies for |{| > d, |x| > R and any o, 3

—1-6—|«f -1 .
|8§‘0§a(x,§)| S Caﬁ<x>—§—|a| <€> ) COS($7£> < [ 17 O-*] U [U+7 1] (6128)
Cag<l‘> ) COS(.Z‘, 5) < [0—7 U—i—]
We can now define the identification operator J for f € S(R™):
Jf(z) = Os- / / e @O0 £ () dydE (6.129)

= o [ Of

where ¢,, = (27)7™2. We remark that this definition of J depends on the choice of the
constants d > 0, R = R4,, > 1 and 0_,0, with —1 < 0_ < 0, < 1 by the definition of
¢(z,§) in (6.123). But when two phase functions ¢4, r, and g, r, corresponding to the
constants do > d; > 0 with the same o, are given, they coincide with each other on the
common region ['y(Ry,,dy, 04), since the limits (6.80) exist for all (z,£) € R*™. In the
following we fix a pair (6_,0,) with —1 < 0_ < 0, < 1 but vary the constants d > 0 and
R = Ry > 1 in accordance with the context, and write J = J; when necessary to denote
J with the phase function satisfying (6.124) for || > d. The function a(z,¢) in iii) of the
theorem satisfies for f € S

Tf) = (HJ— JHo)f(x) (6.130)
- / / ¢ [0z, €) + V() } f(y) dydE
= ¢ / £°9 {a(z, €) + Vs(x)} F(€)de.

Thus Theorem 6.6 tells that T satisfies the properties required for our arguments of the
asymptotic completeness that we have stated at the beginning of this section.
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To see that the wave operators (6.39) define bounded operators, we prove that J is
bounded. To this end, since J is densely defined in H = L*(R™), it suffices to show that
the adjoint operator J* is bounded. It is defined for f € § by

= Os—//e“zg_‘p(yf))f(y)dydg (6.131)
By the inequality (see the proof of Theorem 5.4)
1512 < (lT=J7, (6.132)

we have only to prove the boundedness of the operator

J*J*f(z) = Os- / / Uplw &) =W f(y))dydE. (6.133)

We compute

=08 = o) [ Vel +0 -0 9B (@130
= (z—y) Vap(z,&9).
By (6.126), we have
VeVap(@,6,y) — In] < CR™™, (6.135)

where I, is the unit matrix of order m. Thus switching to a larger R = R4 > 1 if necessary,
we can make the RHS of (6.135) less than 1/2. Then if we set G,,(§) = £ -V, (2, &, y)+n,
we have

Go(€) = Gol&)] = (I = VeVaip(a, € )€ — €) (6.136)
1
< Zle—¢.

< Sl-¢

Therefore G,(§) is a contraction mapping from R™ into R™, and there is a unique fixed
point ¢ of G, (§) for any n € R™:

Gy(&) =€ ie n=Vp(@,&y) (6.137)
Thus the inverse V,¢(z,7,y) of the mapping
R™3 & n = V,p(z,&y) € R™ (6.138)

exists and defines a diffeomorphism of R™. We make a change of variable in (6.133)
by this transformation. Then denoting the Jacobian of Vo~ (z,n,y) by J(z,n,y) =
| det(V, Voo~ (x,m,y))|, we obtain

J* T f(x) = Os- // = g (x,n,y) f(y)dydq. (6.139)
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Since (6.125) implies the estimates
1020,0, T (2,1, y)| < Cap, (6.140)

rTonTy

for all v, 3, v with constants C,, > 0 independent of (z,7,y), we have from Theorem 5.4
that J**J* is a bounded operator on H = L?(R™). This proves that J is extended to a
bounded operator from H into itself and J = J**.

We next prove that J has a bounded inverse. From (6.139), we have

(I— JJ)f(z) = Os / / @1~ J(a,m,9))f (y)dydi. (6.141)

Let mo = 2[m/2 + 1] as in section 5.3 and Cy > 0 be the constant in (5.91). Then we
have by (6.126)

sup  sup |8§858;( —J(2,m,9))] < Cpy R < — (6.142)
|la+B+7]<3mo .1y 2Cy
by taking R > 1 large enough. Then we have from Theorem 5.4 that
1
I —JJ|| < 3 (6.143)
Thus JJ* is invertible with the inverse
(JI) =TI =JT) " =) _(I-JT, (6.144)
5=0

whose RHS converges in operator norm by (6.143). This implies that the range R(.J)
equals H and J* is one-to-one. Furthermore, (6.142) implies that the symbol r(x,n,y) =
1 — J(z,n,y) of the ¢»do I — JJ* is small so that the series of symbols

o0

(z,n,7) ZTJ (z,n,7) (6.145)

7=0
converges in the Fréche space Sy of symbols p(z,n,y) whose semi-norms are

Iple=sup sup yagaﬁa;p(x,n,y)y <oo (£=0,1,2,---). (6.146)
\a-&-ﬁ-‘r’y\ﬁ@ x,n,Y

Here in (6.145), 7;(x,n,y) is the symbol of the ¢do (I — JJ*)7 (j = 0,1,2,---). To see
that (6.145) converges in Sy, we note that the inequality (5.90) stated before Theorem
5.4 implies

Irile < (Co) Z H 17| 3mo+16] < (Co) (1730 ) 4|7 |3mg1e)” Z 1](6.147)

[t | <L k=1 [t <

where r(z,1,y) = r1(z,n,y) = (1 — J)(z,n,y). Since

3 1:215:(3j+:_1>§@ﬂ (6.148)

ei4-+05<t k=0
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for some constant C; > 0 independent of j = 0,1,2,--- (recall that ¢;’s are 3-dimensional
multi-indices in (5.90)), we have

|7"j|f < Céjg(CO|T|3mo)j_£(Co|7"|3m0+z)z- (6.149)
Thus (6.142):
1
Colrlsm, < > (6.150)

implies the convergence of the series (6.145) in the symbol space Sy, and we have from

Qu(JJT*) = (JJ)Q1=1I. (6.151)

We next consider for g € S

FIJFg(&) = Os- / / e~ Pw =) g (n)dyds. (6.152)
Similarly to (6.134), we write

0y, &) — oy, n) = (€ —n) - Vep(&, y,m), (6.153)

where
" 1
eol€,y,m) = / ey, n+ 0(¢ — n))db. (6.154)

Then noting that the inequality similar to (6.135) holds also for 6530(5 ,Y,1m), we make a
change of variable:

2= Vep(&,y.1m), (6.155)

and obtain
FIUF (@) = 0 [ [ €6 2 mgn)dza (6.150)

Here J(&, z,n) = |det(Vy%§g0_1(§, z,m))| is a Jacobian, which belongs to Spo. Arguing
similarly to the case of JJ*, we can now construct a ¢»do Qs = ¢2(X, D, X') that satisfies
g2 € 5070 and

Q2(J"J) = (J*))Q2 = 1. (6.157)
(6.157) and (6.151) show that J has an inverse
JUVH—-H (6.158)
that is expressed as

J 1 =T0Q1 = QuJ" = ¢2(X, Dy, X')J*. (6.159)
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Since J* is bounded as we have seen, and Q2 = ¢2(X, D,, X') is bounded on H by ¢2 € Sy 0
and Theorem 5.4, J~! = Q,J* is also a bounded operator on H.

We are now prepared to prove the existence and asymptotic completeness of the wave
operators (6.39). Before going to the proof, we remark that the definition (6.39) should
be understood as follows with taking into account the dependence of the identification
operator J = Jg on d > 0. Namely for f € F1C°(R™), the support of whose Fourier
transform is contained in a set ¥(d) := {&| || > d}, we define W f by (6.39) with taking
J = Jy. Noting that the phase function ¢(z,€) of J; is equal to

SO(:Ea 6) = ¢+($7 f)X+(Zlf, 6) + ¢— ($7 £>X— (Zlf, g) (6160)

in X(d) N{z| |x| > R}, we have a definition of W, independent of d > 0 and R = Ry > 1
by extending this W, to the whole space H by preserving the boundedness.

Since the proof of the existence of W is quite similar to and simpler than that of the
asymptotic completeness, we only prove the latter. We have already stated the outline
of the proof of the asymptotic completeness at the beginning of this section. There what
should be noted is that we prove the existence of the limit (6.47) for ¢ = Ey(B)g, where
the Borel set B is a subset of (d?/2,b) for some d > 0 with 0 < d*/2 < b < co. Then by
(6 14), the energy restriction Ey(B) is translated into the restriction Ey(B) on the state

“itmH g — By (B)e " g as m — oo. Thus asymptotically as t,, — oo, we can assume
that the &-support of the symbol p, (€, y) of P, satisfies (5.100) with ¢ = d/2 on the state
e~mHg  Then we can let J = J; in (6.41), and take P, thereafter so that its symbol
p+ (&, y) satisfies (5.97), (6.42), and (5.100) with o = d/2. What remains to be proved is
then the estimation of the following factor in (6.44):

|TemisM0 7P, (22, (6.161)
By (6.159) we have
TefisHo J71P+<x>5/2 — TefiSHOQQJ*P+<x>6/2_ (6162)

By (6.15), the constant 6 + p in (5.97) can be taken arbitrarily as far as —1 < 0+ p < 1.
We here take 0 + p =0, + p < 1 with p > 0, where o, € (—1,1) is the number specified
in Theorem 6.6. We write

JP(x)? = Py (2)? T (6.163)

The last factor J~! is bounded and can be omitted in the estimation. So we have to
estimate

Te= ™10 Qy J* Py (x)°/2 ], (6.164)

By a calculation

FIP(x)PTJF1f(€) = Os- / / Wew&=ewmy (y 1) f(n)dydn. (6.165)
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Here the symbol r, (y,n) is given by

o) =05 [ [0 (¢ Duplyn,2),2)(2) s (6.166)
and satisfies by (6.42)

- 76 - (&3 (0%
i [ = sup sup [(y) "2 ()00 (y,n)] < 0o, (£=0,1,2,--). (6.167)
\a—‘rﬁléf y,n

We denote by S_q /2 the space of symbols that satisfy this estimate. As in (6.153), we
write

0y, &) — oy, n) = (€ —n) - Vep(&, y,m), (6.168)

where

_ 1
Vep(& y,m) = / Vep(y,n+0(¢ —n))do. (6.169)
0
We then make a change of variable:

2= Vep(&,y.m). (6.170)

Letting J(&, z,1) be the Jacobian of the inverse mapping 650_1(5, z,1m), we write (6.165)
as

fﬁa@wﬁf%@=Og//w@Wm@ammwwa (6.171)

where

(& 2,m) = 1 (Ve (€ 2,m),n) J (€, 2.m). (6.172)

By our additional assumption (6.42) on p,(§,y) stated at the beginning of this section
and by the estimates (6.125) for ¢(z,&), 74 (, 2,m) belongs to the symbol space Sy /2
whose semi-norms are

| +]605/2 = sup sup|<z>_5/28?8583f+(§,z,77)] <oo, (L=0,1,2,---). (6.173)
la4-84+7[<L &2

Further, by the property (5.97) of p,, 7, defined as in Proposition 5.3 from 7, satisfies

080571 1(€,2)| < Crap(z)™" (cos(z,€) < oy + p/2) (6.174)
for any ¢ = 0,1,2,---. We return to the configuration space by Fourier inversion and
obtain

TPy (x) 2T f(x) = // =2 g(e, 2)(2)? f(2)dzdE (6.175)

= s(Dy, X){z)"? f(2),
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where s(&,z) € Sy satisfies (6.174) with o4 + p/2 replaced by oy + p/3 by virtue of
(6.174), (6.172), (6.166), supp py. C {(&, )| [§] = d/2,[y| = d/2}, and J(£, 2,1) € Soo-
Thus the problem is reduced to the estimation of

T "0 Qas(Dy, X)) FIl < () |7 T Qa5(Dy X' () £ (6.176)

Arguing as above and reducing J*T to a do, and recalling the estimate (6.128) for the
symbol of T" in Theorem 6.6, we can bound the RHS by a constant times (s>_1_5/ ? by
applying Theorems 5.6 and 5.7, as announced in (6.44). The proof of the asymptotic
completeness is complete:

Theorem 6.7 Let (6.2) and (6.3) be satisfied. Let J be defined as above. Then the wave
operators

Wi = s- lim e"H Je o (6.177)

t—too

exist and define bounded operators on H, and the asymptotic completeness holds:

R(W:I:> - Hac(H> - HC(H) (6178>
Further W intertwine H and Hy: for any Borel set B in R
Eny(B)Wy =W_LEy(B). (6.179)

We reformulate our problem as follows.
Let an inner product (-,-); in H be defined by

(fs9)5 = (Jf, Jg)n- (6.180)

It is clear that the space H becomes a Hilbert space H; with this inner product. Further
as J and J~! are bounded operators from H onto H, the two inner products (-, ) and
(+,+)s are equivalent.

We consider an operator

H;y=J"'HJ (6.181)

in H ;. Then it is clear that H; is a selfadjoint operator in H ;. And we have proved in
the above that the limit

Wif= lim et g=itHo g (6.182)
exists for all f € H, and that it is asymptotic complete

where H.(H ;) is understood to be defined in the space H.

Those mean that we can regard that H; is a Hamiltonian obtained from Hy with being
perturbed by a sort of “short-range” perturbation V; = H; — H, between the spaces H
and H;:

H;=Hy+ V). (6.184)



Chapter 7

Many-Body Hamiltonian

We begin with some repetition of notations given in chapter 2 and section 3.2 with mod-
ifications to the present situation.

7.1 Preliminaries

We consider the Schrodinger operator defined in L*(R*Y) (v > 1, N > 2)

N

h? 0?2
H=Hy+V, Hy=- —. 7.1
0 0 ; 2m; Or? (7.1)
Here
V=> Va(za). (7.2)
where z, = r; —rj, r; = (1, -, 1) € RY is the position vector of the i-th particle,
a% = (%, cee %), g—% = Z;’Zl % = A,., m; > 0 is the mass of the i-th particle, and

a = {i,j} is a pair with 1 < i < j < N. Our assumption on the decay rate of the pair
potentials V,(z,) is as follows.

Assumption 7.1 V,(z) (z € R”) is split into a sum of a real-valued C™ function V.F(z)
and a real-valued measurable function V.2 (x) of x € RY satisfying the following conditions:
There are real numbers € and e, with 0 < €,€; < 1 such that for all multi-indices 3

OV ()] < Gl (7.3)
with some constants Cg > 0 independent of x € R”, and
()" (2) (= A, + 1)L is a bounded operator in L*(R"). (7.4)

Here A, is a Laplacian with respect to x, and (x) is a C* function of x such that (x) = |z|
for |z| > 1 and > L for |z| < 1.

83
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We can adopt weaker conditions on the differentiability and decay rate for higher
derivatives of the long-range part V.X(x), but for later convenience of exposition, we adopt
this form in the present paper.

The free part Hy of H in (7.1) has various forms in accordance with our choice of
coordinate systems. We use the so-called Jacobi coordinates. The center of mass of our

N-particle system is
miry + -+ myry

mp+ -+ my

and the Jacobi coordinates are defined by

Xeo =

miry + Ty
Ty =Ti41 — L ) 22172a"' 7N_1 (75)
my+ -+ my

Accordingly the corresponding canonically conjugate momentum operators are defined by

p, N0 _ho
CTioxe VT U om

Using these new X¢, Po, x;, p;, we can rewrite Hy in (7.1) as

Hy = Hy+ He. (7.6)
Here
= i h? 1 ,
Hy = Z —p; = —Ay, Ho=_—x—1F¢,
1=1 2,& i=1 2#1 Zj:lmj
where p; > 0 is the reduced mass defined by the relation:
1 1 1

i Mipr My + -+ my

The new coordinates give a decomposition L?(R*Y) = L*(R*)® L*(R") with n = v(N —1)
and in this decomposition, H is decomposed

H=HeoI+I1®H, H=H)+V.
He is a Laplacian, so we consider /7 in the Hilbert space H = L2(R") = L*(R"¥=Y). We
write this H as H in the followings:

H:HOJFV:Z%@?JFZV L) D+ ) Valaa). (7.7)

This means that we consider the Hamiltonian H in (7.1) restricted to the subspace of
RN

(my+---+my)Xec=myri+ -+ myry = 0. (7.8)

We equip this subspace with the inner product:

N-1
= Z Wi * Yiy (7.9)
=1



7.1. PRELIMINARIES 85

where - denotes the Euclidean scalar product. With respect to this inner product, the
changes of variables between Jacobi coordinates in (7.5) are realized by orthogonal trans-
formations on the space R™ defined by (7.8), while y; and z; depend on the order of the
construction of the Jacobi coordinates in (7.5). If we define velocity operator v by

V= (U1> ot aUN—l) - (lul_lpb e nu]:]l_le—l)a
we can write using the inner product above

Hy = =(v,v). (7.10)

Next we introduce clustered Jacobi coordinate. Let a = {C,---,Cy} be a disjoint
decomposition of the set {1,2,--- ,N}: C; 40 (j =1,2,--- ,k), U;?:le ={1,2,--- ,N}
with C; N C; = 0 when ¢ # j. We denote the number of elements of a set S by |S].

Then |a| = k in the present case, and we call a a cluster decomposition with |a| clus-
ters Cp,- -+ ,Clq. A clustered Jacobi coordinate x = (z,,2*) associated with a cluster
decomposition a = {C1, -+, Cy} is obtained by first choosing a Jacobi coordinate
c C U(1Cy|—
2(Co — (xg 5)7 .. |(Ce|) JER (C=D (1 =1,2,--- k)

for the |C}| particles in the cluster Cy and then by choosing an intercluster Jacobi coor-
dinate
T = (21, ,01) € RV

for the center of mass of the k clusters Cy, - - - , Cy. Then 2% = (2(©V) ... (@) ¢ R¥IN=F)
and x = (z,,2%) € RW=1 = R". The corresponding canonically Conjugate momentum
operator is

p = (PaD)y Pa=(p1, k1), p*= @, pO),
h O R 0

- (Ce) _ (,(Co)  (Co) (Cp)

Pi = Gann PU= (1 pigyn), PO = 520

Accordingly H = L?*(R") is decomposed:

H = H,®H", H,=LR"Y),
He — L2(R (N— k)) =HD ... HEO, HC :L2<RZE|C(Z§|_1))' (7.11)

In this coordinates system, Hy in (7.7) is decomposed:
Hy = T,+ Hg,

kol p2
T, = Z Ay, (7.12)
(=1
k |Cel—1

a (C C’)
Hi = DM HE =) e
=1

7
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(Co)

where A,, and Ax(cz) are v-dimensional Laplacians and M, and p, ' are the reduced

masses. We introduce the inner product in the space R* = R*W~1 as in (7.9):

(r.y) = <(:va, %), (War ¥*)) = (Tas Ya) + (2% 4%)
E |Cel-1

= ZM@W ye—i-z Z R (7.13)

and velocity operator

v = (vg,0") = M~'p = (m, " pa, (1*) " 'p"), (7.14)
where
M = ( ”8“ i > (7.15)

is the n = v(N — 1) dimensional diagonal mass matrix whose diagonals are given by
My, --- ,Mk_l,ugcl), e ’“I(g:l)*l' Then H, is written as
1 1 1

Hy=-(v,v) =T, + Hj = §(va,va> + 5(1}“,1}“). (7.16)

We need a notion of order in the set of cluster decompositions. A cluster decomposition
b is called a refinement of a cluster decomposition a, iff any Cy € b is a subset of some
Dy € a. When b is a refinement of a we denote this as b < a. b £ a is its negation: some
cluster Cy € b is not a subset of any Dy € a. Thus for a pair a« = {7,j}, @ < a means
that o = {i,7} C Dy, for some Dy, € a, and a £ a means that o = {i,j} ¢ Dy, for any
Dy € a. b < a means that b < a but b # a.

We decompose the potential term V' in (7.7) as

> Valwa) = Vo + L, (7.17)

where

Cyr€a

Vo, = Y Valza), (7.18)
aCCy

I = ) Va(za)
afa

By definition, V, depends only on the variable z(“?) inside the cluster C,. Similarly, V,
depends only on the variable ¢ = (z(©V) ... 2(@)) ¢ R¥IN=lah swhile I, depends on all
components of the variable x.
Then H in (7.7) is decomposed:
H = H+1,=T, 1+ H* + 1,
H = H-1,=T,1+1® H*, (7.19)
H* = Hy+V,=Y H  HO = I+,

Cyr€a
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where T, is an operator in H, = L*(R:*Y), He and H are operators in ‘H® =
LA(RYN™M) and H(C and H® are operators in H () = LQ(RZELC;FD).

We denote by P, the orthogonal projection onto the pure point spectral subspace (or
eigenspace) Hy = H,,(H®)(C ‘H®) for H*. We use the same notation P, for the obvious
extention I ® P, to the total space H. For |a| = N, we set P, = I. Let M =1,2,---
and PM denote an M-dimensional partial projection of P, such that s-limy; .., P = P,.
We define for ¢ = 1,--- | N — 1 and an ¢-dimensional multi-index M = (M, -+, M,)
(M; = 1)

PM=|1- Z pMe) ... |1 Z pM | (I —PM). (7.20)

|ag|=¢ |az|=2

(Note that for |a] = 1, a = {C} with C' = {1,2,--- , N}. Thus P is an M;-dimensional
partial projection into the eigenspace of H.) We further define for a |a|-dimensional
multi-index M, = (Ml, cee ,]\4@_17 MM) = (Ma, M|a|)

NMa — M|‘l‘ AJ/\Za
Pt — P, Pl

2 <la] < N. (7.21)
Then it is clear that

> BMe=pM=1-p" (7.22)

2<]al<N

provided that the component M; of M, depends only on the number j but not on a. In
the following we use such M,’s only.

Related with those notions, we denote by H. = H.(H) the orthogonal complement
H,p(H)* of the eigenspace H,, = H,,(H) for the total Hamiltonian H. Namely H.(H)
is the continuous spectral subspace for H. We note that H.(H) = (I — P,)H for a unique
a with |a| = 1, and that for f € H, (I — PM)f — (I — P,)f € H.(H) as M; — oco. We
use freely the notations of functional analysis for selfadjoint operators, e.g. Ey(A) is the
spectral measure for H.

To state a theorem due to Enss [10], we introduce an assumption:

Assumption 7.2 For any cluster decomposition a with 2 < |a| < N —1 and any integer
M=12---,

|2 PM| < oo. (7.23)

This assumption is concerned with the decay rate of eigenvectors of subsystem Hamil-
tonians. Since it is known that non-threshold eigenvectors decay exponentially (see Froese
and Herbst [13]), this assumption is the one about threshold eigenvectors.

Let v,, as above, denote the velocity operator between the clusters in a. It is expressed
as v, = my 'p, for some v(]a| — 1)-dimensional diagonal mass matrix m,. Then we can
state the theorem, which is the same as Theorem 3.2.
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Theorem 7.3 ([10]) Let N > 2 and let H be the Hamiltonian H in (7.7) or (7.19) for
an N-body quantum-mechanical system. Let Assumptions 7.1 and 7.2 be satisfied. Let
f € H. Then there ezist a sequence t,, — £oo (as m — £oo) and a sequence M
of multi-indices whose components all tend to co as m — +oo such that for all cluster
decompositions a with 2 < |a| < N, for all ¢ € C(RX™D), R>0, and a = {i,j} £ a

v PM =itmH/R g1l () (7.24)
IF(Jzal < R) B e " | — 0 (7.25)
1(o(@a/tm) = p(va)) P e R f ]| — 0 (7.26)

as m — +oo. Here F(S) is the characteristic function of the set defined by the condition
S.

We denote the sum of the sets of thresholds and eigenvalues of H by 7

T= |J oH)=TuUo,H), T= ) o,(H" (7.27)
1<|a|<N 2<[a|<N
where
op(H) = {1+ + T | 70 € 0,(H')) (Cy € a)} (7.28)

is the set of eigenvalues of a subsystem Hamiltonian H* =" _, H (@), For |a| = N we
define o,(H*) = {0}. Similarly 7, and 7, are defined:

T.= oo (") = T,Uo,(H%), T, =|Jo,(H". (7.29)

b<a b<a

It is known (Froese and Herbst [13]) that these sets are subsets of (—o0,0]. Further these
sets form bounded, closed and countable subsets of R', and o,(H*) accumulates only at
7, (see Cycon et al. [5]).

We use the notation A CcC A’ for Borel sets A, A’ C RF to mean that the closure A
of A is compact in R* and is a subset of the interior of A’.

7.2 Scattering spaces

In the following we consider the case ¢ — oo only. The other case t — —oo is treated
similarly. We also choose a unit system such that i = 1. We use the notation f(t) ~ g(t)
as t — oo to mean that || f(t) — g(t)|] — 0 as t — oo for H-valued functions f(¢) and g(¢)
of t > 1.
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Definition 7.4 Let real numbers r,o,d and a cluster decomposition b satisfy 0 < r <1,
0,6 >0 and 2 < |b| < N.
i) Let A CC R' — T be a closed set. We define Sj7°(A) for 0 <r <1 by

Si(A) ={f € Eg(AYH | e ™ f ~ HF(|ma| > ot)F(|2°] < 6t")e ™ f as t — oo7.30)
afb
For r =0 we define SP7(A) by

Sp7(A) = {f € Eu(A)H |
lim lim supHe—“Hf ~ T Flal = o) F(la*| < R)e‘“HfH —0}. (7.31)

R0 oo afb

We then define the localized scattering space S (A) of orderr € (0,1] for H as the closure
of

UM S7(A) = {f € Ex(A)YH | 30> 0,95 >0 :

o>06>0

e M ~ T F(l2al = ot)F(|2®] < 6t7)e ™ f as t — oo}, (7.32)
agb

SY(A) is defined as the closure of

U S () ={f € Eu(A)H | Jo >0

>0

Jim Tim SupH T Flleal = ot)F(a"] < R)e’“HfH —0}.  (7.33)

R—oo ¢ 00 agb
ii) We define the scattering space S; of order r € [0,1] for H as the closure of

U s (7.34)

ACCR-T

We note that S;7°(A), SP7(A), Sy(A) and S} define closed subspaces of Ey(A)H and
H.(H), respectively.

Proposition 7.5 Let A CC R' — 7T and f € S;°°(A) for 0 <r <1 or f € S¥(A) for
r=0 with 0,0 >0 and 2 < |b| < N. Then the following limit relations hold:

i) Let o« £b. Then for 0 < r <1 we have when t — oo
F(lza| < at)F(|:Eb] < 5tr)e_itHf — 0. (7.35)
For r =0 we have

lim limsup ||F(|z,| < ot)F (Ja°| < R)e_itHf” =0. (7.36)

R—oo 00
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ii) For 0 < r <1 we have when t — o0

F(|2b] > ot")e ™ f — 0. (7.37)
Forr=20
Jim Tim sup |F(|2°] > R)e=™f|| = 0. (7.38)
—0 t—o0

iii) There exists a sequence t,, — oo as m — oo depending on f € S;7°(A) or f € SP7(A)
such that

H(gp (2p/tm) — o(vp)) e f|| =0 as m— oo (7.39)
for any function ¢ € C(RLITY)Y,

Proof: i) and ii) are clear from the definition of S;?°(A) or SP7(A). We prove iii). Since
f € Ey(A)YH C H.(H), we have by (7.22), Theorem 3.2 and f € S;7°(A) (or f € SP7(A))

et f NPy it f (7.40)

d<b

along some sequence t,, — oo depending on f. On each state on the right-hand side
(RHS) of (7.40), (7.26) with a replaced by d holds. By the restriction d < b in the sum
of the RHS of (7.40), we obtain (7.39). O

The following propositions are obvious by definition.

Proposition 7.6 Let 2 < |b| < N. If1>7 >r>0,0>0¢ >0andd > 6 >0
and A CC R' — T, then SY(A) C S (A), S (A) C Sp7°(A) C SJo%(A), SY(A) C
Sr(A) C Sy (A), SYA) C Sp(A) C Sp, and S C S; C Sy .

Proposition 7.7 Let b and V' be different cluster decompositions: b # V. Then for any
0<r <1, Sy and S}, are orthogonal mutually: Sy L Sy,.

7.3 A partition of unity

To state a proposition that will play a fundamental role in our decomposition of continuous
spectral subspace by S}, we prepare some notations. Let b be a cluster decomposition
with 2 < |b| < N. For any two clusters C and Cs in b, we define a vector z,; that connects
the two centers of mass of the clusters C'; and C3. The number of such vectors when we

move over all pairs of clusters in b is k;, = ( |12)‘ ) in total. We denote these vectors by

Zbly Zb2y " " " 5 Zbky, -

Let zp (1 < k < kp) connect two clusters Cy and C,, in b (¢ # m). Then for
any pair a = {i,j} with i € C; and j € C,,, the vector x, = z;; is expressed like
are the positions of the particles ¢ and j in Cy and C,,, respectively. The vector expression
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To = (2pp, (€0, (@) is in the space RvH*(C=D+v(Cnl=1) [f we express it in the larger
space RY X RZIEN_“’D, it would be o, = (21, 2°), and |24|* = |2p%|> +|2°>. Thus if |z|? is
sufficiently large compared to |z°|? > |2(©9) 2 4 |2(@)|2 e.g. if |z]? > p > 0 and |2°|? < 0
with p > 6 > 0 (which means that p/6 is sufficiently large), then |z,|?> > p/2 for all

a £b.

Next if ¢ < b and |c¢| = |[b| 4+ 1, then just one cluster, say C, € b, is decomposed
into two clusters C; and C} in ¢, and other clusters in b remain the same in the finer
cluster decomposition c¢. In this case, we can choose just one vector z, (1 < k < k.) that
connects clusters C) and CJ in ¢, and we can express 2’ = (24, z¢). The norm of this
vector is written as

|2 = Jzek* + [P, (7.41)
Similarly the norm of z = (a3, 2°) is written as
122 = |2|® + |2°)? (7.42)

We recall that norm is defined, as usual, from the inner product defined by (7.13) which
changes in accordance with the cluster decomposition used in each context. E.g., in (7.41),
the left-hand side (LHS) is defined by using (7.13) for the cluster decomposition b and
the RHS is by using (7.13) for c.

With these preparations, we state the following lemma, which is partially a repetition
of [24], Lemma 2.1. We define subsets T(p, #) and Ty(p,0) of R* = R*™~1 for cluster
decompositions b with 2 < |b| < N and real numbers p,§ with 1 > p,0 > 0:

Ty(p,0) = (ﬂ{x [ |20e]* > plﬂf!Z}) N{z [ > 1 =0)*},  (743)

ky

Ti(p.0) = (ﬂ{fc [ |20]* > p}> N{z | |zs|* > 1 -0} (7.44)

k=1
Subsets S and Sy (0 > 0) of R* = R*™~1 are defined by

S = {z]z* > 1},
Sp = {z|1+60>|z]*>1}

Lemma 7.8 Suppose that constants 1 > 0, > p; > 0; > py > 0 satisfy 0;_1 > 0; + p; for
71=2,3,---,N —1. Then the followings hold:

i)
Sc |J Tulpw, ) (7.45)

2<[b|<N

ii) Let v; > 1 (j = 1,2) satisfy

My2 <7ro:=_min {p,;/6;}. (7.46)

2<j<N-1
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If b £ ¢ with |b| > |c|, then

T(vi ol 120) N Te(vi pyefs 120,ep) = 0. (7.47)

iii) Forv>1and 2 <|b| < N

Ty Op) NV Soy_, € To(ppys Opy) N Sox,
cC Ty(y s v0p) N Son,

C Ty, o va0m) N Son_,s (7.48)
where
Y=71+0n-1), =0+ +0y1)"" (7.49)
iv) [f% <o, then for 2 < |b| < N
Ty ™ piots 10) € {2 | |2al? > ppyla|*/2 for all o £ b}. (7.50)

v) If y(1+ ) <1 and b £ ¢ with |b| > |c|, then
T, piets ¥40) NV Te(Y, ™ piefs 140)e1) = 0. (7.51)

Proof: To prove (7.45), suppose that |z|?> > 1 and z does not belong to the set

A= U [(ﬂ{x RE pb|\x|2}> Nz | ]o)? > (1 —9|b|)!1’|2} .

2<[b|<N—1 L \k=1
Under this assumption, we prove |z,|*> > py|z|? for all pairs @ = {i,5}. (Note that
2z, for |b] = N equals some z,.) Let || = 2 and write z = (231, 2%). Then by (7.41),
1 < |z|> = |zm|* + |2%)?. Since z belongs to the complement A® of the set A, we have

201 ]? < ppyif]? or x> < (1= O[], If |200]* < ppyi|x]?, then [2°* = |2* — 2 ]* > (1 —
pp)ll? = (01— pp))|al* = Op|z]? by 051 > 0;+p;. Thus |ay|? = [z]? —[2°]* < (1—0py)|z[*
for all b with |b] = 2.

Next let |¢| = 3 and assume |z.|* > (1 — 6¢)|z|>. Then by x € A, we can choose
Zep with 1 < k < k. such that |z4|* < pplz|>. Let Cp and C,, be two clusters in ¢
connected by z., and let b be the cluster decomposition obtained by combining C, and
C,, into one cluster with retaining other clusters of ¢ in b. Then |b| = 2, 2° = (24, 2°),
and |2°* = |za|* + |2°%. Thus |zp|* = [2* — [2°]* = |2[* — |za|* — [2°]* = |zl — [za]* >
(1 =6 — pieg)|z)* > (1 = Opy))|z|?, which contradicts the result of the previous step. Thus
2| < (1 = 0)y)|z|? for all ¢ with |c| = 3.

Repeating this procedure, we finally arrive at |z4> < (1 — 6g)|z|?, thus |z7]? =
2|2 — |za]® > Ojq)|z|* > pnl|z|® for all d with |d| = N — 1. Namely |z,|? > pn|z|? for all
pairs o = {i,j}. The proof of (7.45) is complete.
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We next prove (7.47). By b £ ¢, we can take a pair a = {4, j} and clusters Cy, C,, € ¢
such that a < b, i € Cy, j € C,,, and £ # m. Then we can write z, = (2, 2¢) for some
1 < k < k.. Thus if there is = € Tb(7f1p|b‘,720|b|) N Tc(’yflp‘c‘,’ygﬁd), then

Webylz® > [2°® 2 2ol = 2ol + |2 2 zekl* > 37" preff]*. (7.52)

But since |b] > |c|, we have pjo > 71720 When [b| = |¢| by (7.46), and pjo > Y1720\ >
YY2(Op + pip) > 11720 when |c| < [b] by 0;_1 > 0; + p;, which both contradict the
inequality (7.52). This completes the proof of (7.47).

(7.48) follows by a simple calculation from the inequality |z|?(1 + 0y_1)~! < 1 that
holds on Sp,_,. (7.50) follows from the relation |z,|*> = |z|? + |2°|* stated before the
lemma, and (7.51) from vjv4 = v(1 + ) and ii). O

In the followings we fix constants v > 1 and 1 > 0, > p; > 6; > py > 0 such that

gj—l 20]+p] (322737 7N_]-)’ (753>
27/7/ .

max {7(1 +7), 5 _1;, <rg= 2<§21]51_1{pj/6j}, (7.54)
1 =J =

where 7} (j = 1,2) are defined by (7.49).
Let p(A) € C*(R') be such that 0 < p(A\) <1, p(A) =1 (A < —1), p(A) =0 (XA > 0),
and p'(A\) < 0. Then we define functions ¢, (A < 7) and ¢,(A > 7) of A € R! by

Po(A < 1) = p((A = (7 +0))/0), (7.55)
be(A>T)=1—=¢,(AN<T—0) (7.56)

for constants o > 0,7 € R'. We note that ¢,(\ < 7) and ¢,(\ > 7) satisfy

_J1 (A=)
¢U()\<T)_{ O ()\27'"—0') (757)
0 (A<1—-0)
Go(A>T) = { 1 (> 1) (7.58)
d
/
- = <
gba’( T) d)\¢a(A<T) —O’
& (A>T1)>0. (7.59)
We define for a cluster decomposition b with 2 < |b| < N
ky
Pu(Tp) = H¢a(|2bk;|2 > o) o (|22 > 1= Oy, (7.60)
k=1
where o > 0 is fixed as
: 1 N A
0<o<, min {(1-9")pn,(1=9")p; (v = 1)} (7.61)
Then ¢y (zp) satisfies for z € Sy, _,
1 for xze€ Tb(p\b\,‘9|b|)7
o) { 0 for z¢ Tb(7_1p|b|,76’|b|). ( )
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We set for |b] =k (k=2,3,---,N)

To(@) =) (1= D en (@) | [ 1= enlan) |- (7.63)

‘bk,ﬂ:k—l |b2‘:2

By v) and iii) of Lemma 7.8 and (7.62), the sums on the RHS remain only in the case
b<bjforj=k—1,---,2and z € Sy, ;:

Jo(x) = pp(as) | 1 - > Coy (@) | [ 1= YD e, |- (7.64)

|bk_1‘:]€—l,b<bk_1 ‘b2|:2,b<b2
Thus J,(z) is a function of the variable x; only:
Jo(x) = Jy(2) when x = (24,2°) € Syy_,. (7.65)

We also note that the supports of ¢, in each sum on the RHS of (7.63) are disjoint
mutually in Sp,_, by iii) and v) of Lemma 7.8. By (7.45) and (7.48) of lemma 7.8, and
the definition (7.60)-(7.63) of J,(x;), we therefore have

Z Jb({L‘b)Zl on S@Nil.

2<[b|<N
We have constructed a partition of unity on Sy, ,:

Proposition 7.9 Let real numbers 1 > 6, > p; > 0; > py > 0 satisfy 0;_1 > 0, + p; for
j=2,3,---,N —1. Assume that (7.54) holds and let Jy(x) be defined by (7.60)-(7.64).
Then we have

Z Jb(ZL‘b) =1 on SgNil. (766)

2<[b|<N

Jy(xp) is a C™ function of x, and satisfies 0 < Jy(x) < 1. Further on supp J, NSy, _, we
have

’$a|2 > p|b||513’2/2 (7.67)
for any pair o £ b, and

sup |V, ()| < 00 (7.68)

2€R" 2<[b|<N
for each fized o >0 in (7.60)-(7.61).

Proof: We have only to see (7.67) and (7.68). But (7.67) is clear by (7.48), (7.50), (7.54),
(7.62) and (7.63), and (7.68) follows from (7.56), (7.60) and (7.64). OJ
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7.4 A decomposition of continuous spectral subspace

The following theorem gives a decomposition of H.(H) by scattering spaces S} (2 < [b] <
N).

Theorem 7.10 Let Assumptions 7.1 and 7.2 be satisfied. Then we have

P s (7.69)

2<[b|<N

Proof: Since the set
U Eu)H
ACCR'-T

is dense in H.(H), and S} (2 < |b] < N) are closed and mutually orthogonal, it suffices
to prove that any ®(H)f with ® € C°(R' —7) and f € H can be decomposed as a sum
of the elements f; in Sy: ®(H)f =3y pen fo-

We divide the proof into two steps. In the first step I), we prove existence of certain
time limits. In the second step II), we prove existence of some “boundary values” of those
limits, and conclude the proof of decomposition (7.69).

I) Existence of some time limits:

We decompose ®(H) f as a finite sum: ®(H)f = Zﬁmte Vi, (H)f, where ¢;, € C5°(R'—
7). In the step I), we will prove the existence of the hmlt

L
lim » ™Gy, (8) Ty (v/re) Gy, (e M ebj (H) £, (7.70)

t—o0

(=1

under the assumption that supp v, C A cC A for some intervals A cC A cc R* =T
with £ € A and diam A < d(F), where d(E) > 0 is some small constant depending on
E € R' — T and diam S denotes the diameter of a set S C R!. The relevant factors
in (7.70) will be defined in the course of the proof. We will write f for ¢, (H)f in the
followings.

We take ¢ € C°(R') such that ¢(\) = 1 for A € A and suppyy C A for the
intervals A cC A above. Then f = (H)f = Eg(A)f € Eq(AYH C H,(H) and
e” M f = 4)(H)e ™ f. Thus we can use the decomposition (7.22) for the sequences t,,
and M;" in Theorem 7.3:

emitntl f —p(H e tnH f — (H Z p e tmt f (7.71)
2<|d|<N

By Theorem 7.3-(7.25)

M

G(H) P et f s ap(Hy) Pyl =ttt f (7.72)

as m — 00. Since

\dl

~ M"L
P = ‘d'P|d| y = ZPdE]7 (7.73)



96 CHAPTER 7. MANY-BODY HAMILTONIAN

where Py, is one dimensional eigenprojection for H ¢ with eigenvalue Ej;, the RHS of
(7.72) equals

m
Mg,

> u(Tu+ Ej)Pd,Ejﬁzﬁnle_ithf. (7.74)

J=1

By suppyy C A CC R' =T, E; € T, and T; > 0, we can take constants Ay > \g > 0
independent of j = 1,2,--- such that Ay > T, > X\g if (T4 + E;) # 0. Set Ay =
maxy Ay > \g = ming Ay > 0 and

Y(E)={E-X|XeT,E>\}. (7.75)

Note that we can take Ay > Ay > 0 so that
Y(E) CC (Ao, Ag) C (0,00). (7.76)
Let U € C5°(RY) satisfy W(\) =1 for X € [N, Ag] and supp ¥ C [A\g — &, Ag + k] for some
small constant x > 0 such that the set [Aj, \o] U [Ag, Aj] is bounded away from X(FE),

where \j = A\ — 2r > 0 and Aj = Ay + 2x. Then the RHS of (7.74) equals for any
m=1,2,-

V(To)p(Ha) Py e . (7.77)
On the other hand, by Theorem 7.3-(7.24) and (7.26), we have

2

v (Hg) P e~ f ) (7.78)

and
UATa o (Ha) Py et | oo W(Jaal?/ (2,) 0 (Ha) Py et f (7.79)
as m — 0o, where to see (7.78) we used (7.24) and i[HY, |z?/t?] = i[HE,|2¢)?/t?] =

2A%/t? where A% = (z¢ - p? + p? - %) /2, and to see (7.79) the fact that |z4]?/t2, and Hy
commute asymptotically as m — oo by (7.26). Thus by |z|? = |z4|? + |2%* we have

U(Ty)p (Ha) Py e tntl f oo W2(|2 ) (202) ) (Hy) Py ¢ =it f (7.80)
as m — oo. From (7.71)-(7.72), (7.74), (7.77) and (7.80), we obtain
eitmll f o (|22 (242,))e 1 f (7.81)

as m — oo.
Let constants v > 1 and 1 > 6y > p; > 0, > py > 0 be fixed such that

ej—l = ej + Pj (j = 27 T 7N - 1)7 (782>

max {7(1 +7), 27172,} <rog=_min {p;/0;} (7.83)

2—71 2<j<N-1
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for 7} (j = 1,2) defined by (7.49). Set
Ao = A\pfn-1>0 (7.84)
with A\j = A\ — 2k defined above. Let 75 > 0 satisfy
0 < 1679 < Ag(< Ay < o). (7.85)

We take a finite subset {\;}%_, of T such that
L ~ ~
T | e = 70, e + 7). (7.86)
=1

Then we can choose real numbers A, € R', 7, >0 ({ =1,2,--- , L) and o > 0 such that
T <To, 00<To, |A—A<T0,

L
Tl =7 h+7), (=70 M+7) C (A= 70, A + 70),
dist{éj\z — 70, e +70)y (A — Ty \de + i)} > 4oo(>0)  for any £ # k. (7.87)
We note that for / =1,--- ,L
A7 <|IA=(E=X\N)| <1 +4oo} NE(E) = 0. (7.88)
Now let the intervals A and A be so small that

diam A < diam A < 7y := min {00, T¢} (7.89)
1<6<L

Returning to (7.74), we have
Ty + E; € supp ), (7.90)

if Y(Ty+ E;) # 0in (7.74). By suppy C A, diam A < 7, and E € A, we have from
(7.90)

—F < Ty— (E - E)) < 7. (7.91)

—27 < = —2(E — E;) < 27%. (7.92)

By (7.87), E; € T is included in just one set (Ay — 74, A\¢ + 7¢) for some ¢ = ((j) with
1 <4(j) < L. Since |E; — Ayj)| < 7o), we have using (7.89)

2
—27y(j) — 200 < ’tT — 2(E — Ag(j)) < 2705) + 200 (7.93)
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on each state in (7.74). Thus

> o2 ([lxl/t2, = 2(E = )| < 27+ 200) = 1

L
(=1

asymptotically as m — oo on (7.74). Now by the same reasoning that led us to (7.81),
we see that (7.71) asymptotically equals as m — oo

SN 2 (lnP/ - 2B = )| < 2 + 200) 03 (jal?/(262)) By et fL(7.04)

(=1 2<|d|<N

Since ¢, (||2]?/t2, — 2(E — N\o)| < 277 + 40¢) = 1 on supp ¢, (||2]?/t2, — 2(E — N\o)| <
27 + 20y), (7.94) equals

S (el = 2(E = \)| < 27 + 400)

(=1 2<|d|<N

x @2 (|[2]2/82, = 2(E = \o)| < 270 + 200)W2(|2[2/(262,)) P, e~ f. (7.95)
Set
B= () AW, A= ptpa) = g((w0) + (v,2). (7.96)

We note by Theorem 7.3-(7.24) and (7.26) that on the state ﬁéw‘;ne*“me

B~ /2Ty ~ 121 (7.97)

tm
asymptotically as t,, — oo. Using this, we replace ¢y, (||z[*/t3, —2(E — \o)| < 270 +
200) by oy (|B2 = 2(E — A)| < 27 + 200) in (7.95). Let o(A\) € C2°((v/2(h — 2r),
300 720))), 0 < ¢(A) < 1, and p(N) = 1 on [y/200 ), /2 ko + W)(> supp
U(A\?/2) N (0,00)). We insert a factor ©*(B) into (7.95) and then remove the factor
U2(|z|?/(2t2,)) using (7.81):

L
S 2 (el = 2(E = \)| < 27 + 400)

(=1 2<|d|<N
@2 (|B® = 2(E = \)| < 270 + 200)p*(B) P, e~itmH . (7.98)
On supp @, (||x]?/t2, — 2(E — \¢)| < 27 + 40¢) we have
2
0<2E—\)—Tr < % < 2AE — \) + Tro. (7.99)
Since (7.76), |As — M| < 7o and (7.85) imply
2E — A) + Tro 147, 14\!/16

1= O 7.100
2(E — M) — 70 2E — M) — 710 3000/16 — A7 UNL (7.100)
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we can apply the partition of unity in Proposition 7.9 to the ring defined by (7.99). Then
we obtain

L
et NN T/ (retm)) 0%, (|2 /85, — 2(E = A)| < 27 + 409)
£=1 2<|b|<N 2<|d|<N

Mg

X ¢2 (|B2—2(E — \))| < 270 + 200)¢*(B)Py @ el f, (7.101)

where

re=+2E—-X)=Trg>0 ({=1,---,L). (7.102)

By the property (7.67), only the terms with d < b remain in (7.101):

L
eI TN (w/ (ret)) 02, (12 /8, — 2(E = Ao)| < 27 + 40y)
£=1 2<|b|<N d<b

2 (|B® = 2(E = \o)| < 270 + 200)*(B) By @ et 1 . (7.103)

Using Theorem 7.3-(7.26), we replace x/t,, by v,, and at the same time we introduce a
pseudodifferential operator into (7.103):

Pb(t) = ¢U(|$b/t — Ub|2 < u) (7104)

with u > 0 sufficiently small. Then (7.103) becomes

el o~ Z ST ST Pt elws /)82, (|| /82, — 2(E — A)| < 270 + 4oy)
£=1 2<|b|<N d<b

62, (| B2 = 2(E — \o)| < 210 + 200)*(B) P, =it . (7.105)

We rearrange the order of the factors on the RHS of (7.105) using that the factors mutually
commute asymptotically as m — oo by Theorem 7.3. Setting

G () = Bot)goo(||2?/12 = 2(E = Ao)| < 27 + 4o00)
X oo (| B> = 2(E — \o)| < 27 + 200)0(B), (7.106)

we obtain

e~ Z D Gontw) To(vn/re) G (¢ ) By it (7.107)

(=1 2<|b|<N d<b

Now by some calculus of pseudodifferential operators and Theorem 7.3 we note that
Py(t)Jy(vy/1¢) yields a partition of unity J,(z,/(ret)) asymptotically as m — oo whose
support is close to that of Jy(xp/(ret)). Then we can recover the terms with d £ b, and
using (7.22), we remove the sum of PMd over 2 < |d| < N:

et f Z Z Gorg(tn)* To () 70) Gy, () e H £ (7.108)

(=1 2<|b|<N
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We note that on the RHS, the support with respect to B?/2 of the derivative
L (IB? —2(E — X\)| < 27 + 200) is disjoint with 3(E) by (7.57) and (7.88), and the
support of ¢'(B) is similar by (7.76) and the definition of ¢ above.
We prove the existence of the limit

fbyg = tEIg €itHGb’)\e (t)*Jb<Ub/7“g)Gb’,\e (t)e_itHf (7109)

for ¢ =1,---,L and b with 2 < |b] < N.
For this purpose we differentiate the function

(GitHGb)\l (t)* Jb (Ub/Tg)Gb)\e (t)e_itHf, g) (7 1 10)

with respect to ¢, where f, g € Ey(A)H. Then writing

@(t) (7.111)

Dlg(t) = ilHy, g(0)] +

for an operator-valued function ¢(t), we have

G, (1) ()G (D™ £, )
= ("D} ((B))doy (| B> — 2(E — A\)| < 27 + 200)

X oo (|2 /1* = 2(E — Np)| < 27 + 400) Po(t) Jy(03/70) G, (e £, g)
+(e"™ o(B) D} (¢ (| B* = 2(E — Ao)| < 27 + 200))

X oo (|2 /1? = 2(E — N)| < 27 + 400) Po(t) Sy (03/70) G, (e £, g)
+(e"p(B) o, (| B> = 2(E — A\p)| < 27 + 200)

X D (¢oo(||2]?/8* = 2(E = Xo)| < 270 4 400)) Po(t) Jo(vs/10) G, (t)e ™ f, g)
+(e"p(B) oy (| B> — 2(E — A\p)| < 27 + 200)

Xy (| |22 /12 = 2(E — No)| < 270 + 400) DY (Po(t)) Jo(vn/10) G p, (e £, g)
+((h-c.)f,9)
(™ il Iy, Gor, (£) Ty (vs/70) Go, (E)]e ™ 1 g), (7.112)

where (h.c.) denotes the adjoint of the operator in the terms preceding it.

We need the following lemmas (see [24], Lemmas 4.1 and 4.2):
Lemma 7.11 Let Assumption 7.1 be satisfied. Let E € R* —T. Let F(s) € C3°(RY)
satisfy 0 < F < 1 and the condition that the support with respect to s*/2 of F(s) is disjoint

with X(E). Then there is a constant d(E) > 0 such that for any interval A around E
with diam A < d(FE), one has
1

[

for some constant C' > 0 independent of f € H.

2

F(B)e™ ™ Ey(A)f| dt < |l |1 (7.113)
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Lemma 7.12 For the pseudodifferential operator Py(t) defined by (7.104) with w > 0,
there exist norm continuous bounded operators S(t) and R(t) such that

DPPy(t) = %S(t) + R(t) (7.114)
and
()20, Rl <C®) (7.115)
for some constant C > 0 independent of t € R'.

We switch to a smaller interval A if necessary in the followings when we apply Lemma
7.11.
For the first term on the RHS of (7.112) we have

D;(¢(B)) = ¢'(B)i[Hy, B] + R, (7.116)

with
I(H + i)~ z)"%i[Hy, B)(z)"*(H + i)™"|| < 0, (7.117)
I(H + i) Mz) Ry (z)(H + i) Y| < oo. (7.118)

(See section 4 of [24] for a detailed argument yielding the estimates for the remainder
terms Ry here and Si(t), etc. below.) By the remark after (7.108), the support with
respect to B?/2 of ¢/(B) is disjoint with ¥(E). Hence the condition of Lemma 7.11 is
satisfied. Thus using (7.117)-(7.118) and rearranging the order of the factors in the first
term on the RHS of (7.112) with some integrable errors, we have by Lemma 7.11:

the 1st term = (B (0B (0)e ™ £, g) + ("7 5, (t)e ™ £, g), (7.119)

where Bj(l)(t) (7 =1,2) and Si(t) satisfy

/ 1BY (e f|Pdt < C £, (7.120)

|(H 4 4)7'Sy(t)(H + i)~ < Ct2 (7.121)

for some constant C' > 0 independent of f € Ex(A)H and t € R'.
Similarly by another remark after (7.108) and Lemma 7.11, we have a similar bound
for the second term on the RHS of (7.112):

the 2nd term = ("7 BP (£)*BP (1) ™ £, g) + (e Sy(t)e ™ f,g),  (7.122)

where Bj(?) (t) (j =1,2) and Sy(t) satisfy

/ 1B2 () f|2dt < C £, (7.123)

|(H 4 4) 7' Sy(t)(H + i) 71| < Ct 2 (7.124)
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for some constant C' > 0 independent of f € Ey(AYH and t € R'.
For the third term on the RHS of (7.112), we have

©(B) oo, (| B* = 2(E — A\p)| < 27 + 200)
X Dy (¢ (||2]?/8* = 2(E — \o)| < 270 + 409))

= %¢(3)¢UO(|BQ —2(E — Ao)| < 27 + 200)

2
% (é _ ﬂ) ¢;0(Hx’2/t2 — Q(E — )\g)| <27y +4OO)

t t?
+S3(t), (7.125)
where S;(t) satisfies
|(H +4) ' Ss(t)(H +4) 7| < Ct™2 > 1. (7.126)

On the support of ¢, (||z|*>/t* — 2(E — X\¢)| < 27 + 40¢), we have

2|/t > /2(E — \) — 27y — 50 > 0 (7.127)

by (7.85) and (7.87). Thus there is a large T' > 1 such that for ¢ > T we have |z| > 1 and
(x) = |z|, and hence

(AU - () (b, 2 k)l
= 2% (B— %) +154(1) (7.128)

with ||[Sy(t)|| < Ct=2 for t > T. By (7.55), we have

supp ¢, (|s| < 27 +4oy) C L1 UL, (7.129)

with
I, = [-21y — 500, =21y — 40y), 12 = [274 + 400, 27y + 500), (7.130)

and
Lo (8] <270 +40g) >0 for s € I, (7.131)
wo(ls| <21 +400) <0 for s € L. (7.132)

Consider the case |x]?/t? — 2(E — \¢) € I,. Then

jz?

€ [2(E — Xo) + 274 + 400, 2(E — A\¢) 4 274 + 509]. (7.133)

By the factor ¢(B)¢y,(|B* — 2(E — \)| < 27 + 20¢), we have

B? € [2(E — \¢) — 274 — 300, 2(E — \¢) + 274 + 300) (7.134)
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and B > /2)\;, > 0. Thus
B @ <0. (7.135)

Therefore by (7.128) and (7.132), (7.125) is positive in this case up to an integrable
error. Similarly we see that (7.125) is positive also in the case |z|?/t* — 2(E — \;) € I;.
Rearranging the order of the factors in the third term on the RHS of (7.112) with an
integrable error, we see that it has the form

the 3rd term = (" A(t)*A(t)e " f, g) + (" S5(t)e " f, g) (7.136)
with
|(H +d)'S5(t)(H +4) 7| < Ct 2. (7.137)

The fourth term on the RHS of (7.112) has a similar form by virtue of Lemma 7.12.
The fifth term ((h.c.)f, f) is treated similarly to the terms above.
The sixth term on the RHS of (7.112) satisfies

|the 6th term| < Ct=t=™{e<} || £|1(|g]l. (7.138)

This estimate follows if we note with using (7.67) and some calculus of pseudodifferential
operators as stated after (7.107) that the factor Gy, (t)*Jy(vs/7¢)Gr 2, (t) restricts the
coordinates in the region: |z,[* > pyy|z]?/2.

Summarizing we have proved that (7.112) is written as

d

E(eitHGb,Ae() Jo(vs /1) Go, (E)e ™ £, g)

2
_ (ethA(t)*A( —thf g + Z thB(k %k)(t)e_itHf, g)
k=1
+(Ss(t)f, 9), (7.139)

where with some constant C' > 0 independent of t > T and f € 'H

/ 1BW () Eg(A)fI2 < CIAP,  (ok = 1,2) (7.140)
T
(H + )" Ss(t)(H + )~} < ot~ 1-minfeal, (7.141)

Integrating (7.139) with respect to ¢t on an interval [T, T3] C [T, 00), we obtain
(€™ Gy, (8) Ty(vp/10)Gpp, (t)e M £, )‘t 7

_ / A F A= g)dt

YA
Ts

+2 / (BO e £, B (et g)at + / (Ss(t)f.g)dt. (7.142)

k=1 7T T
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Hence using (7.140), (7.141) and the uniform boundedness of Gy, (f) in ¢ > 1, we have
T ‘
[ 1awe g an < clgl? (7.143
T

for some constant C' > 0 independent of T, > T} > T and g € Ex(A)H.
(7.143) and (7.142) with (7.140) and (7.141) then yield that

T

(€™ Gy, () Tp(vp/r0)Gpp, ()™ £, g) |,5:T1

< o(m)IIfIlgl (7.144)

for some §(77) > 0 with 6(T}) — 0 as Ty > T3 — oo. This means that the limit

L
fo = Jim > e Gy, ()" Jo(vb/10) G, (e f (7.145)
(=1

exists for any f € Eg(A)H and b with 2 < |b| < N if A is an interval sufficiently small
around £ € R' —7: diam A < d(E). Then the asymptotic decomposition (7.108) implies

f=> 1 (7.146)

2<[b|<N

for f =4(H)f = Ey(A)f. Further by the existence of the limit (7.145) and f = Ey(A)f,

we see that fi satisfies
Eu(A)f) = [y (7.147)

in a way similar to the proof of the intertwining property of wave operators.

Now returning to the first ®(H)f, and noting that supp ® is compact in R' — 7T,
we take a finite number of open intervals Aj, CC R' — T such that Ej, € Aj,, diam
Aj, < d(Ej,), and supp ® CC U?:lte A, CC R' —T. Then we can take ¢;, € C5°(4,,)

such that ®(H)f = S0y, (H)f. Thus from (7.145)-(7.147), we obtain the existence

J0

of the limit for 2 < || < N:

finite L
fbl = tlirilo Z Z e Gy, () Ty (vp/10) G, () e aps (H) f, (7.148)
jo =1
and the relations
CH)f= > fp, Eu(Af=1f; (7.149)

2<[b|<N

for any set A CC R' — T with supp® C A.
Set

0; = \/”yflpj)\é)/Q, (Sj: \/’}’9jA6 (j:2,3, ,N, (9N:()> (7150)
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Then by (7.148), some calculus of pseudodifferential operators, and
supp (Jb(xb/rg)qﬁao(Hx]Q — 2(E — )\g)| <21+ 40’0)) CcC Tb<77lp\b|>79|b\)a (7.151)

which follows from (7.61)-(7.63), we see that as t — oo

et L~ ZZGb @) To(op/10)Go, (W) e By (Ag) f

k=1 ¢=1

~ ] F(lzal = opt) F(|2®] < byt)
agb
K L

XY > Gon ) Jo(on/re)Gop (e By (Ar) f

k=1 /=1

~ T Flzal = opt) F(la®| < Gyt)e ;. (7.152)
agb

(7.149) and (7.152) imply

fie 8, (A) (< [bl < N). (7.153)

IT) A refinement:

As in (7.86)-(7.87), we take a finite subset {\}/2, of T; for a constant 78 > 0 with
75 < 7o such that

Ly,
7, C [ JO§ =70, A+ 7). (7.154)
=1
and choose real numbers A € R*, 77 >0 (¢ =1,--- | L) and o) > 0 such that

o<, ab <l N =)<
Ly
1, C U(AZ—Té],/\Z—}—Té’), (/\IZ—TfaAIE‘FTf) - (5‘2_7—(?’5‘2"—7_(1)))7
=1
dist{(A\S — 72 A8+ 70), (AY — 72,08 4+ 7))} > 40l (> 0)  for any £ # k. (7.155)

We set T.F = {\0}*  and
b 05e=1

%Ob = min {JO,TE} (7.156)

1<0<L,
Then, we take 1 (\) € C5°(R') such that

0<v <1, (7.157)
1 for any A with |\ — X§| < 78/2 for some N} € T,F

nh) = { 0  for any X with |A — A)| > 78 for all b € 7, (7.158)
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and we divide (7.148) as follows:

fi =hy+ g, (7.159)
where
finite L A
hy = E{}OZZ MGy, (8) 01 (H) Jy(0p/10) G, (e (H) £, (7.160)
jo £=1
finite L .
g = E{}OZZ MGy, (8)" (1 — 1) (H®) Jy(vp [10) Gop, ()™ Habjy (H) f.(7.161)
jo £=1

The proof of the existence of these limits is similar to that of fbl in (7.148), since the
change in the present case is the appearance of the commutator [H, v (H®)| = [Iy, ¥ (H)]
whose treatment is quite the same as that of the commutators including I, in (7.138).
We introduce the decomposition (7.22) into hy, and g, on the left of e "¢, (H)f as in
(7.71). Then by the factor Jy(vp/r¢)Gyp ., (t), we see that only the terms with d < b in the
sum in (7.71) remain asymptotically as t = t,, — oo by the arguments similar to step

@ﬁn | in these terms (see (7.73)), H® asymptotically equals
HY = Tb + H* = T? + E; ~ |2b2/(2t%) —|— E; ~ |z%?/(2t3,) + E;, where for d < b,
HY = Tb +H'=H, — Tb, T =Ty — Ty and 2° = (2%, ) is a clustered Jacobi coordinate
inside the coordinate z°. Thus we have

[). On each summand PdEjﬁ

D1 (H®) Jy(0p/1¢) Go, () Par, P|d| 16_”’”1{%0(1{)}0
~ i (|2°2/(2t2,) + E;) Jo(vs/10) Goa, (8) Pa i, P|d| ety (H)f - (7.162)

as m — oo. If ¥y (|2°|?/(2t2) + E;) # 0, then for some £ =1,--- , L

|2°? b ~b
52 (A —Ej)| < 7. (7.163)
If £ is a (unique) ¢(j) such that E; € ()\Ig(j) /\b = TE(J)) we have
|xb|2 b ~b b, ~b
W S Tf(j) + TO < 7-0 _'_ 7-0. (7164)

Thus setting &' = 1/2(78 + 7¢), we have
2P| < 8t (7.165)
If ¢ # £(j), we have by (7.163)
0< N — B+ 7,
from which and (7.155)-(7.156) follows

N\ — E; > 4o},
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Thus from (7.163)
|2

i 2 4ob — 7 > 308 > 37, (7.166)

Setting o’ = \/67¢ we then have for ¢ # ((j)

2% > o'ty (7.167)
Therefore h, can be decomposed as
= fi +a. (7.168)
where
finite L
fi = lim DD MG () F(|2%) < 80 (H) Jy(vn/re) Gy, (e by (H) f,
jo ¢=1
(7.169)
finite L
gin = lim SN MGy (1) F(12%] = o't)r (H) Jy(vs/10) Gy, (t)e ™ by, (H) £,
jo £=1
(7.170)

The existence of the limit (7.169) is proved similarly to that of (7.160) by rewriting the
factor F(|z°| < §'t) as a smooth one and absorbing it into Jy(vy/r¢)Gy.», () with changing
the constants in it suitably. The existence of (7.170) then follows from this, (7.148) and
(7.168).

For g, similarly to g,‘)’{ we obtain

finite L
gy = lim DO MGy (1) F(j2"] > o't)(I — 1) (H") (7.171)
jo =1

X Jy(0y/70) Gy, () e Tapjo (H) £

Setting
% = g+ (7.172)
finite L
= fim Z ; e Gy, (0) F(|2%] = o't) Jy(vp /1) Go, (e, (H) f,
jo £=1

we obtain a decomposition of f:

f =1 +a (7.173)

where fg/ and gl‘)’/ satisfy

e~ T F(wal = opt) (12’ < 50 1 (7.174)
agb

e Mg~ T F(lzal = opt)F(|2°| < Spt)F(l2"] > o't)e g7 (7.175)
aLb
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We can prove the existence of the limits

L — Jim £ L' — Jim ¢7 7.176
fo=lmfy, g =limg (7.176)

in the same way as in Enss [11], Lemma 4.8, because we can take v in (7.157)-(7.158)
monotonically decreasing when 7 | 0 and the factors F(|2°| < §'t) and F(|2°| > o't) can

be treated similarly to 1/, by regarding 2°/t as a single variable. Further we have as in
(7.147)

Ex(A)fy = fy, Eu(A)g, = g5, (7.177)
which, (7.174) and (7.176) imply
fy € Sy (7.178)
Thus we have a decomposition:
fi=1f+a, fes (7.179)

g7 can be decomposed further by using the partition of unity of the ring o’ < |2°|/t < Oy
with regarding x° as a total variable z in Proposition 7.9. Arguing similarly to steps I)
and II), we can prove that g; can be decomposed as a sum of the elements f; of S} with
d < b. Combining this with (7.146), (7.178) and (7.179), we obtain (7.69). O

We remark that Theorem 7.10 implies the asymptotic completeness when the long-
range part V. vanishes for all pairs o, because in this case we see straightforwardly that
St = R(Wbi), where I/VbjE are the short-range wave operators defined by

W =s- lim e p, (7.180)

t—=+o0

For the case when long-range part does not vanish, we have the following

Theorem 7.13 Let Assumptions 7.1 and 7.2 be satisfied. Then
i) For22+¢) ' <r<1

Sy =5,. (7.181)

i) If € > 2(2 +¢)7, i.e. when e > V3 —1, we have for all v with 0 < r < 1

Sy =5,. (7.182)

i) If € > 1/2 and VI (z4) > 0 for all pairs o, then we have for all r with 0 <r <1

Sy =Sy (7.183)
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Proof: i) and ii) follow from Proposition 5.8 of [6] and Proposition 7.6 above. (7.182) for
r = 0 follows from the proof of Proposition 5.8 of [6]. iii) follows from Theorem 1.1 and
Proposition 4.3 of [25] and (7.186) below: Note that R(QY) in Theorem 1.1-(1.31) of [25]
constitutes a dense subset of Sy, when 1 varies in C°(R' — 7). O

From Theorem 7.13-ii), iii) and Theorem 7.10 follows

Theorem 7.14 Let Assumptions 7.1 and 7.2 be satisfied with € > 2(2 + €)' or with
€ >1/2 and VE(z4) > 0 for all pairs a. Then we have for all r with 0 <r <1

P s =H.(H). (7.184)

2<[b|<N
In the next section, we will construct modified wave operators:

WiE =5 lim e e " p, (7.185)

t—=+o0

with J, being an extension of J of [19] to the N-body case. We will then prove
R(W) = Sp, (7.186)
which and Theorems 7.13 and 7.14 imply

Theorem 7.15 Let Assumptions 7.1 and 7.2 be satisfied with € > 2(2 + €)~' or with
€>1/2 and VF(z,) > 0 for all pairs a. Then we have for all v with 0 < r <1

R(WE) = Sy, (7.187)
and

P RW;) =H(H). (7.188)

2<|b| <N
One might expect that (7.184) and (7.188) are always true, but it is denied:

Theorem 7.16 Let Assumptions 7.1 and 7.2 be satisfied and let N > 3. Then the fol-
lowings hold:

i) Let 2 < |b| < N and let Ey(r) be the orthogonal projection onto Sy (0 <r < 1). Then
Ey(r1) < Ep(rg) for 0 < ry < ry <1, and the discontinuous points of Ey(r) with respect
to r € [0,1] in the strong operator topology are at most countable.

i) Let 0 < € < 1/2 in Assumption 7.1. Then there are long-range pair potentials Vi (z)
such that for some cluster decomposition b with 2 < |b| < N, Ey(r) is discontinuous at
r =19, where € < ry:= (e +1)/3 < 1/2. In particular, there are real numbers ry and 19
with 0 < r; <rg <ry <1 such that

Syt is a proper subset of Sp?. (7.189)
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Proof: 1) By Proposition 7.6, S (0 <r < 1) is a family of closed subspaces of a separable
Hilbert space H that increases when r € [0, 1] increases. Thus the corresponding orthogo-
nal projection Ey(r) (0 < r < 1) onto S} increases as 1 increases, and hence has at most a
countable number of discontinuous points with respect to r € [0, 1] in the strong operator
topology.

ii) holds by Theorem 4.3 of [49], Theorem 7.10 and Proposition 7.6, for b, |b| = N —1,
with a suitable choice of pair potentials that satisfy Assumption 7.1. In fact, the sum
of the ranges R(W,,) of Yafaev’s wave operators W,, (n = 1,2,---) in Theorem 4.3 of
[49] constitutes a subspace of (Ey(rg + 0) — Ep(ro — 0))H for b with |b| = N — 1 by his
construction of W,,, which means that Fj(r) is discontinuous at r = rq. Here Ey(ro£0) =
S- hn’lrﬂroio Eb (T) O

7.5 A characterization of the ranges of wave opera-
tors

The purpose in this section is to prove relation (7.186) for general long-range pair poten-
tials V,(x,) under Assumptions 7.1 and 7.2. The inclusion

R(W;E) C Sy (7.190)

is a trivial relation for any form of definition of the wave operators Wbi Thus our main
concern is to prove the reverse inclusion

Sy c R(WE). (7.191)

The proof of this inclusion is essentially the same for any definition of wave operators and
is not difficult in the light of Enss method [8]. As announced, we here consider the wave
operators of the form
Wbi =s- tgrinoo et Je~ it p, (7.192)

where J, is an extension of the identification operator or stationary modifier introduced
in [19] for two-body long-range case. The first task in this section is to construct J,. Our
relation (7.191) then follows from the definition of the scattering spaces Sy and properties
of J, by Enss method.

To make the descriptions simple we hereafter consider the case V¥ = 0 for all pairs a.
The recovery of the short-range potentials in the following arguments is easy.

Let a C'* function yo(x) of x € R” satisfy

_ 1 (= =2)
X0<£IZ') - { 0 (|ZE| < 1)‘ (7.193)
To define .J, we introduce time-dependent potentials I,,(zs,t) for p € (0,1):
kyp
Inp (. t) = Io(, 0) | | xo(pzum)xo((log{t)) zue/ (8))- (7.194)

k=1
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Then I,,(xp, t) satisfies
10 Tp(an, t)] < Ciop(t) (7.195)

for any ¢ > 0 and 0 < ¢y < € with ¢y +¢ < |3|+¢€, where Cg > 0 is a constant independent
of ¢,z and p.

Then we can apply almost the same arguments as in section 2 of [19] to get a solution
op(xp, &) of the eikonal equation:

1 1
§Wac590b($b,§b)|2 + (2, 0) = §’£b|2 (7.196)
in some conic region in phase space. More exactly we have the following theorems. Let

Zpk Cbk

cos(zp, =

( ok Cbk) |Zbk|eKbk\e

where |2yele = (2 - 261)'/? is the Euclidean norm. We then set for Ry, d > 0 and 6 € (0, 1)
L' (Ro,d,0) = {(zp,&) | |2k > Ro, |G| > d, £ cos(zpr, Go) >0 (k=1,--- k) },

where (p;, is the variable conjugate to zy.

Theorem 7.17 Let Assumption 7.1 be satisfied with V.° = 0 for all pairs o. Then there
exists a C'*° function ¢gt(:1:b, &) that satisfies the following properties: For any0 < 0,d < 1,
there ezists a constant Ry > 1 such that for any (xp,&) € 'L (Ro, d,0)

1 1
5’v1b¢l)i<xb7£b)|2 + Ip(24,0) = §|§b|2 (7.197)
and
Cop (Maxy <pep, (zox))' a=0
0% 02 (¢ (0, &) — s - <{ p <k<ky e 7.198
‘ T §b(¢b ( b £b) b éb)‘ = Caﬁ (minlgkgkb <Zbk>)1 | \’ a 7£ 0’ ( )

where Cpz > 0 is a constant independent of (xp, &) € I'L(Ro, d, 0).

From this we can derive the following theorem in quite the same way as that for
Theorem 2.5 of [19]. Let 0 < § < 1 and let ¥.(7) € C*°([—1,1]) satisfy

for —0/2 <7 <1,

<1
1 for <7 <1,
¢+(T>—{ 0 for —1<7<6/2,
0
1 for —1 <7< 4.

We set

ky
Xt (@, ) = | [ ¢ (cos (2, Gur)

k=1
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and define oy(zp, &) = @po.a.r,(Tp, Ep) DY

ou(6, &) = (D (26, &) — w1 - &)X+ (6, &) + (0 (25, &) — o - Eo)X— (5, &) }

kp

X H Xo(2Gok/d)x0(22r/ Ro) + b - & (7.199)

k=1

for d, RO > 0. Note that ()Obyng’RO(Ib,&,) = @b,@,d’,Ré(xbufb) when |zbk| Z maX(Ro,Ré),
|Cor:| > max(d, d') for all k. We then have

Theorem 7.18 Let Assumption 7.1 be satisfied with V.° = 0 for all pairs . Let0 < 6 < 1
and d > 0. Then there exists a constant Ry > 1 such that the C function @y(zp,&p)
defined above satisfies the following properties.

i) For (xp,&) € 'y (Ro,d,0) UT'_(Ro,d,0), vy is a solution of

1 1
§|Vmb<ﬂb(fﬁb,5b)|g + Iy(zp,0) = §|€b|2- (7.200)

ii) For any (13, &) € R*W=Y and multi-indices o, 3, @y satisfies

Clg (max(zp)) ¢ a=0
0% o° — - &) < g ’ 7.201
05,04l - -l < { Cormn bl e 2R
In particular, if o # 0,
105,06, (20, 6) — 2 - &)| < CopRy ™ (min(z)) '~ 7" (7.202)
for any ey, €1 > 0 with €9 + €1 = €. Further
op(Tp, &) = xp - & when |zp| < Ro/2 or |G| < d/2 for some k. (7.203)
iii) Let
ay(y, &) = e ierlmt) (Tb + Iy(x5,0) — §|fb|2) el ), (7.204)
Then
1 1 )
ap(y, &) = §|be90b(xb,§b)|2 + Iy (3, 0) — §|§b|2 +i(Toon) (26, &) (7.205)
and

Clos (min(zye)) 77 (4, 8) € T (Ro, d,0) UT_(Ry, d )
9% aﬁ < 6] ) ) + 5 Uy s Wy 206
’ Ty gbab(xlngb)‘ = { Caﬂ (min<zbk>)767|a| <§b>7 otherwise. % )

We now define Jb = Jb,é,d,Rg by

Jof(x) = (Qﬂ)—l'(lbl—l)/ / ei(wb(zb,ﬁb)—yb'ib)f(yb)dybdgb (7.207)
Rv(ol-1) J Rv(lbl-1)
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for f € Hy, = L>(R"(PI=) as an oscillatory integral (see e.g. [32]). Wave operators W;*
are now defined by

Wi =s- lim e Je " p, (7.208)

t—+o0

We note that this definition depends on 6, d, Ry, but applying stationary phase method
to e To in e~Hy = ¢=itTh @ ¢~itH" on the RHS we see that the dependence disappears in
the limit ¢ — 400 by the remark made just before Theorem 7.18. Further the asymptotic
behavior seen by the stationary phase method tells that the inclusion (7.190) holds:

R(WE) C Sy, (7.209)

if the limits (7.208) exist. The existence of (7.208) follows from Theorem 7.18-iii), the
asymptotic behavior of e=#%» and Assumptions 7.1-7.2 by noting the relations

(HJ{, — Jbe)eiitHbef<x> = ((Tb + Ib(xln xb))Jb - JbTb)eiitHbef(‘r)a
((Ty + Iy(2,0)) Jy — JT3)g(p)

= (27r)_”(|b|‘1)/ / eleo(en&)=ur&n) g (1 &) g () dysd€y (7.210)
Rr(b1-1) J pr(ib—1)

and the fact that s-limy;_ o PbM = P,. Thus to prove the reverse inclusion (7.191)

Sy c R(WE), (7.211)
it suffices to prove that
fes)oRW) (7.212)
implies
f=0. (7.213)

To see this we consider the case t — 400 and the quantity
(I . eisHJbefisHbefl)efitHf — (Jb o eisHJbefisHb)belefitHf (7214>

for f € SY(A), ACC R' — 7, and t,s > 0 and use Enss method. Here the existence of
J; ' follows from Theorem 3.3 of [23] by taking Ry > 0 in (7.202) large enough (with a
slight adaptation to the present case for phases and symbols satisfying the estimates in
Theorem 7.18). (7.214) equals

—i / e (H Jy — JyHy)e e - du e f. (7.215)
0

By Definition 7.4-i)-(7.33) of SP(A), we approximate f by h € SP°(A) for some small
o > 0 with an arbitrarily small error § > 0 so that ||f — k|| < §. Then we have for any
sufficiently large R > 0

lim sup < 0. (7.216)

t—o0

e”™h — T F(lzal = ot)F(|2*] < R)e™h
aLb
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Proposition 7.5-iii) and h € SP?(A) yield that for some sequence t,,, — oo (as m — o0)
[((zp/tn) — @(vp))e ™ Th]| -0 as m — oo

for any ¢ € C5°(R*I"=1). Replacing t and f in (7.215) by t,, and h, we can therefore
insert or remove the factor

kp
¢ = [T QuF(Ipokl = o) E(Ips] < S)F (2] /t = o')F(|2"] < R) (7.217)
k=1
to or from the left of e=*=f ] in (7.215) anytime with an error § > 0. Here py, = %aiy

o' > 0 is a small number with o’ < o, F(|ps| < S) comes from Ey(A) in h = Eg(A)h,
and F'(7 < 9) is a smooth characteristic function of the set {r € R!| 7 < S} with a slope
independent of S, and @) is a pseudodifferential operator

Qrglas) = (2m) D / / el ) g (o, G g (gl (7:218)
Rv(ol=1) J gu(lel-1)
with symbol g (2pk, Gr) satisfying

Qe (2Zpks Qo) = 0 for  cos(zpr, Qi) < 6 or |zek| < Ry. '

The order of products in (7.215) of factors in (7.217) and J, ' may be arbitrary because
these factors are mutually commutative asymptotically as ¢ — oo by virtue of (7.216).
We note that d > 0 in the definition of J, = Jyg4r, can be taken smaller than ¢’ > 0
beforehand since W, is independent of d > 0 as mentioned. Thus we can assume the
following in addition to (7.219):

q(zok, o) =0 for |G| < d. (7.220)

We now insert the decomposition (7.22) to the left of e~k in (7.215) with noting
(I — PM")f = f by f € H.(H). Then by ||(I — P*")h — h|| < 2§ and by inserting the
factor (7.217) to the left of e~®mHh after the insertion of (7.22), we have

M ,
limsup ||(I — P, """)®e " h|| < 3. (7.221)
s b . . M|717;| .
By the factor F(|2°| < R) in (7.217) and Eg(A)inh = Eg(A)h, P, ™ in (7.221) converges
to P, as m — oo in operator norm in the expression (7.221). It thus suffices to consider
the quantity

s A mg ‘
/ e ((Ty + Ip(wy, 7)) Jy — JpTy)e e ] du PbM Pl peitmip (7.222)
0

M[70 M0
for some large but fixed mg with an error 6 > 0. Since P, " =371 P, p, (0 < My <
o0) with Py, being one dimensional eigenprojection of H b corresponding to eigenvalue
E;, (7.222) is reduced to considering

2

/ e "Eie"™ (T, + Ly(wy, 2°)) Sy — JTy) Popye ™0 ;' @du e h, (7.223)
0
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By Assumptions 7.1-7.2, the factor B, g, bounds the variable 2% and yields a short-range
error of order O((min(zy,)) ") on the left of e=T+ when we replace I, (xy, 2°) by I(zs, 0),

and we have that (7.223) equals
/ e " Py O((2"))(Th + Io(w,0) Iy — BTy + O((min(zw)) ™)) (7.224)
0
x e M ddu e,

where O({x%)) is an operator such that (z°)~1O((z%)) is bounded. Using (7.210) and the
estimate (7.206) in Theorem 7.18-iii) and applying the propagation estimates in Lemma
3.3-ii) of [19] (again with a slight adaptation to the present case), we now get the estimate:

(T + T, 0)) I, = STy + O((min(zy)) ™))™ I @ (min(zy)) || < Clu) ™=/
(7.225)

for some constant C' > 0 independent of v > 0. On the other hand (7.216) yields that

| (min{z) = e h|

is asymptotically less than 26 as m — oco. This and (7.225) prove that the norm of (7.222)
is asymptotically less than a constant times d as m — oo.
Returning to (7.214) we have proved that

limsupsup ||(I — ¢*# Jye~®He J-1)e~tmH £
m—oo 520

~; limsupsup ||(I — e Je e J -1 P, e~ tmH £ < O, (7.226)

m—oo s>0

where a ~s b means that |a — b| < C§ for some constant C' > 0. Since wave operator
WF = s-limg_o € Jye "He P, exists, (7.226) yields

limsup ||(I — W, J; DB, Fle=itnt £l < €. (7.227)

Mm
By the arguments above deriving (7.221) we can remove P, "' and get

limsup ||(1 — W, J; He H f|| < C6. (7.228)

m—00

Since we assumed (7.212), f is orthogonal to R(W,"). Thus taking the inner product of
the vector inside the norm in (7.228) with e=#"# f we have

1P = T[T f eI )] = T [(e7 0 (1 = Wit gy e )| < O3 £

As § > 0 is arbitrary, this gives f = 0, proving (7.213). The proof of (7.186) is complete.
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Exercise

1. With W being defined by (6.39) we consider
WL WL f

for f belonging to a suitable subspace D of H.(H). Show that the operator
JJ* =1

defines a compact operator on D, and prove the asymptotic completeness of W, without
utilizing the existence of the inverse J~! of J.
We remark that the existence of the inverse is required in section 7.5 as the inverse

Jy b of Jy.

2. Let x(z) (x € R') be a real-valued C* function with compact support such that
x(0) = 1, and let ¢ = g(z) be a complex-valued C'* function with compact support
defined on R!. Set for t > 0

(JC y)

f(t,x) =lim

ey)dy,
i Tm )x(ey)dy

where argi = g Show the following.

i) Fort >0

lim

;2= y>2
i \/ﬁ / 3t ey)dy = 1.
ii) For ¢ > 0 the following holds uniformly in z € R!
[f(t,2) = g(2)| < OV,
where C' > 0 is a constant depending only on g.

3. Let f be a bounded, uniformly continuous function from R!' to C. Let L! be the
totality of the Lesbegue integrable functions on R!. For ¢ € L', define

(0 f)(t) = / ot — ) f(r)dr

[e.9]

Prove for a given A € C that the following two conditions 1) and 2) are mutually equiv-
alent.

1) The limit
lim f(¢)

t—o00

exists and equals A.
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2) For any p € L', the limit
Jim (o f) (1)

A /_ " o)dr.

e}

exists and equals

4. Let 'H be a Hilbert space and let Hy, Hy be selfadjoint operators defined in H that
satisfy the following relation for some bounded operators A, A, defined on H

H2 = Hl -+ A;Al
Assume that there exist constants C; > 0 (j = 1,2) such that
/ [Aje B flPdt < GilIfI* (Vf €M, j=1,2)
0
hold. Then show that for any f € H, the limit
Wf= tlim et it ¢

exists in H and defines a unitary operator on H.°

5This is a simplified version of the result of T. Kato, Wave operators and similarity for some non-

selfadjoint operators, Math. Annalen 162 (1966), 258-279.
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Part 111

Observation
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Chapter 8

Principle of General Relativity

We now see how we can combine relativity and quantum mechanics in our formulation.

We note that the center of mass of a local system (H,,, H,¢) is always at the origin of
the space coordinate system z(g,,#,,) € R3 for the local system by the requirement:

nts

ZjeFf;H m;X; = 0 in Axiom 2.1, and that the space coordinate system describes just the

relative motions inside a local system by our formulation. The center of mass of a local
system, therefore, cannot be identified from the local system itself, except the fact that
it is at the origin of the coordinates.

Moreover, as any two local systems (H,¢, Hne) and (Hpg, Hmi) are independent mu-
tually in the sense that QM inside (H,, H,¢) does not affect the QM of another system
(Hpmk, Himi), we see that the time coordinates Lt Hn) a0d Epr,,, #,..), and the space
coordinates x(y,,n,,) € R* and x(y,, #,,) € R* of these two local systems are inde-
pendent mutually. Thus the space-time coordinates (t(q,, #,.)> T(HynoHne)) A0 (E(H, 0 Honr) s
T(H,,. H,y)) are independent between two different local systems (Hye, Hoe) and (Hpg, Honk)-
In particular, insofar as the systems are considered as quantum-mechanical ones, there is
no relation between their centers of mass. In other words, the center of mass of any local
system cannot be identified by other local systems quantum-mechanically.

Summing these two considerations, we conclude:

(1) The center of mass of a local system (Hy, Hy,¢) cannot be identified quantum-mechani-
cally by any local system (H,x, Hmi) including the case (Hpk, Hik) = (Hpe, Hoe)-

(2) There is no quantum-mechanical relation between any two local coordinates (t(w,, 7,
T(H,, 1)) and (Em,,, Hok)s T(Hp ) Of two different local systems (H,e, Hne) and

Utilizing these properties of the centers of mass and the coordinates of local systems, we
may make any postulates concerning

(1) the motions of the centers of mass of various local systems,
and

(2) the relation between two local coordinates of any two local systems.

121
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In particular, we may impose classical postulates on them as far as the postulates are
consistent in themselves.

Thus we assume an arbitrary but fixed transformation:

Yo = fa(y1) (8.1)

between the coordinate systems y; = (yj)i—o = (4], v;,v3,4;) = (ctj,z;) for j = 1,2,
where ¢ is the speed of light in vacuum and (¢;,z;) is the space-time coordinates of
the local system L; = (Hye;, Hn,). We regard these coordinates y; = (ctj, z;) as
classical coordinates, when we consider the motions of centers of mass and the relations
of coordinates of various local systems. We can now postulate the general principle of
relativity on the physics of the centers of mass:

Axiom 8.1 The laws of physics which control the relative motions of the centers of mass
of local systems are covariant under the change of the reference frame coordinates from

(Ct( Hol Honk ) x(Hmkamk)) to (Ct(HnZ:an)’ L(Hpe, Hyp ) for any pair (Hmka Hmk) and (Hn€> Hnﬁ)
of local systems.

We note that this axiom is consistent with the Euclidean metric adopted for the
quantum-mechanical coordinates inside a local system, because Axiom 8.1 is concerned
with classical motions of the centers of mass outside local systems, and we are dealing
here with a different aspect of nature from the quantum-mechanical one inside a local
system.

Axiom 8.1 implies the invariance of the distance under the change of coordinates
between two local systems. Thus the metric tensor g, (ct,z) which appears here satisfies
the transformation rule:

ofsy, Of,
G (01) = 2 () S ) L2 ), (52

where y; = (ct1,21); y2 = fo1(y1) is the transformation (8.1) in the above from y; =
(ct1,21) to yo = (cty,z3); and g} (y;) is the metric tensor expressed in the classical
coordinates y; = (ct;, z;) for j =1,2.

The second postulate is the principle of equivalence, which asserts that the classical
coordinate system (ct(s,,1,,), T(H,,H,,)) 1S & local Lorentz system of coordinates, insofar
as it is concerned with the classical behavior of the center of mass of the local system

(Hn£7 Hn[):

Axiom 8.2 The metric or the gravitational tensor g,, for the center of mass of a local
system (Hpo, Hne) in the coordinates (ct(m,, 1,,), T(H,H,)) Of itself are equal to 1, where

Nw =0 forpu#v, =1 forp=v=123, and = -1 for p =v = 0.

Since, at the center of mass, the classical space coordinates x = 0, Axiom 8.2 together
with the transformation rule (8.2) in the above yields

A3 afm

v (f2n' (ct,0)) = o gyt (faor' (cta, )5 (f21 (ct2,0)). (8.3)



123

Also by the same reason, the relativistic proper time dr = \/—gu(ct,0)dy*dy”
=/ —Nudytdy” at the origin of a local system is equal to ¢ times the quantum-mechanical
proper time dt of the system.

By the fact that the classical Axioms 8.1 and 8.2 of physics are imposed on the centers
of mass which are uncontrollable quantum-mechanically, and on the relation between the
coordinates of different, therefore quantum-mechanically non-related local systems, the
consistency of classical relativistic Axioms 8.1 and 8.2 with quantum-mechanical Axioms
2.1 and 2.2 is clear:

Theorem 8.3 Azioms 2.1, 2.2, 8.1, and 8.2 are consistent.
For the sake of completeness we state a formal proof of this theorem.

Proof: The local coordinate system (t(s,,7,,), T(H,,H,,)) 1S determined only within each
local system (H ¢, Hpe) by Definition 3.1, through the quantum-mechanical internal mo-
tions of the system. This coordinate system is independent of the local coordinate system
(E(Hppe Hon) > T(Hoi Homg)) OF any other local system (Hi, Himg). This is due to the mutual
independence of the L? representations (given by Axiom 2.1) of the base Hilbert spaces
Hng and Hmk

The relativity axioms, Axioms 8.1 and 8.2, are concerned merely with the centers of
mass of local systems (H,,, Huk), observed by an observer system (H,,p, Hye) with coordi-
nate system (¢(s, , 1,,)s T(H,oHne))- Lhis observer’s coordinate system (t(a, , #,.)s ©(HyeHor))
is independent of the coordinate system (t(m,,, #,.:)s T(H,upHom)) Of the observed system
(Hpmk, Hmg), as stated in the previous paragraph. Because of this independence, the sys-
tem (H,k, Himk) can follow quantum mechanics (Axioms 2.1 and 2.2) inside the system
with respect to its own coordinate system (t(m,,, #,..) T(Hyp o)) @S well as its center
of mass can follow general relativity (Axiom 8.1) or any other given postulates with re-
spect to the observer’s coordinate system (¢(s,, #,,), T(H,,H,,))- Lhis is the case, even if
the coordinate system (¢(m,,1,,), T(H,,,H,,)) Of the observer coincides with the coordinate
system (t(m,,. How)> T(H,p M) Of the observed system itself, because the motion of the
center of mass and the internal relative motion of a local system are mutually indepen-
dent. Therefore, the local Lorentz postulate (Axiom 8.2) for the center of mass of the
system (H,s, Hne) also does not contradict the Euclidean postulates in Axioms 2.1 and
2.2 of the internal space-time of that system.

In this sense, Axioms 8.1 and 8.2 are chosen so that the relativity theory holds between
the observed motions of centers of mass of local systems, and have nothing to do with the
internal motion of each local system, which obeys Axioms 2.1 and 2.2. Thus Axioms 8.1
and 8.2 are consistent with Axioms 2.1 and 2.2. [J



124 CHAPTER 8. PRINCIPLE OF GENERAL RELATIVITY



Chapter 9

Observation

9.1 Preliminaries

Thus far, we did not mention any thoughts about the physics which is actually observed.
We have just given two aspects of nature which are mutually independent. We will
introduce a procedure which yields what we observe when we see nature. This procedure
will not be contradictory with the two aspects of nature which we have discussed, as
the procedure is concerned solely with “how nature looks, at the observer,” ie. it is
solely concerned with “at the place of the observer, how nature looks,” with some abuse
of the word “place.” The validity of the procedure should be judged merely through the
comparison between the observation and the prediction given by our procedure.

We remark that our approach to observation differs from the traditional approach like
canonical quantization of gravity (see e.g., [18]) or from quantum gravity by Ashtekar
et al. [2]. They try to “quantize” gravity with regarding the two aspects: quantum
physics and gravity as lying on the same level. We do not regard gravity as an actual
force or something similar, but we regard it as something ‘fictitious’ as assumed in axiom
8.2. Nevertheless as we will see below, we can explain some of the relativistic quantum
mechanical phenomena.

We note that, in observation, we can observe only a finite number of disjoint systems,

say Ly, -+, L, with £ > 1 a finite integer. We cannot grasp an infinite number of systems
at a time. Further each system L; must have only a finite number of elements by the
same reason. Thus these systems Ly, --- , L, may be identified with local systems in the

sense of the part I and the later chapter 11.

Local systems are quantum-mechanical systems, and their coordinates are confined to
their insides insofar as we appeal to Axioms 2.1-2.2. However we postulated Axioms 8.1
and 8.2 on the classical aspects of those coordinates, which make the local coordinates of a
local system a classical reference frame for the centers of mass of other local systems. This
leaves us the room to define observation as the classical observation of the centers of mass
of local systems Lj,---, Ly. We call this an observation of L = (Ly,---, L) inquiring
into sub-systems Ly, --- , Lx, where L is a local system consisting of the particles which
belong to one of the local systems Ly, -+, Lg.

When we observe the sub-local systems Li,--- , Ly of L, we observe the relations or
motions among these sub-systems. Internally the local system L behaves following the

125
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Hamiltonian H;, associated to the local system L. However the actual observation differs
from what the pure quantum-mechanical calculation gives for the system L. For example,
when an electron is scattered by a nucleus with relative velocity close to that of light, the
observation is different from the pure quantum-mechanical prediction.

The quantum-mechanical process inside the local system L is described by the evolu-
tion
eXp(_itLHL>f7

where f is the initial state of the system and ¢, is the local time of the system L. The
Hamiltonian Hj, is decomposed as follows in virtue of the local Hamiltonians Hy, - - - , Hy,
which correspond to the sub-local systems Ly, --- , Lg:

H,=H'+T+1, H'=H,+- - +H,.

Here b = (C4,--- ,C}) is the cluster decomposition corresponding to the decomposition
L= (Ly, -+ ,Ly) of Ly H® = Hy + -+ + Hy is the sum of the internal energies H; inside
Lj, and is an operator defined in the internal state space H=H® - @H,T=T,
denotes the intercluster free energy among the clusters Cf, - - - , C} defined in the external
state space Hy; and I = I, = I(z) = Iy(xp, 2°) is the sum of the intercluster interactions
between various two different clusters in the cluster decomposition b (cf. section 3.2).
The main concern in this process would be the case that the clusters C, - - - , C) form
asymptotically bound states as t;, — o0, since other cases are hard to be observed along
the process when the observer’s concern is, as is usually the case in the observation of

scattering process, upon the final state of the bound sub-systems Ly, --- , L.
The evolution exp(—it;Hy)f then behaves asymptotically as t;, — oo as follows for
some bound states g1, -+, g (9; € H?) of local Hamiltonians Hy,--- , Hy and for some

go belonging to the external state space H,:
exp(—it  Hy) f ~ exp(—itphy)go ® exp(—itp Hi)g1 @ - - - @ exp(—it, Hy)gr, k>1,(9.1)
where hy, = Ty, + I(x,0). It is easy to see that g = go ® g1 ® - - - ® gi is given by
9=0Rn® @ g =" =DBY"

provided that the decomposition of the evolution exp(—it; Hy)f is of the simple form as
in (9.1). Here Q;* is the adjoint operator of a canonical wave operator ([6]) corresponding
to the cluster decomposition b:

QF = s- Jim exp(itHy) - exp(—ithy) @ exp(—itH;) ® - - - ® exp(—it Hy,) P,

where P, is the eigenprojection onto the eigenspace of the Hamiltonian H® = H,+- - -+ Hj,.
The process (9.1) just describes the quantum-mechanical process inside the local system
L, and does not specify any meaning related with observation up to the present stage.
To see what we observe in actual observations, let us reflect what we observe in
scattering process. We note that the observation of scattering processes is concerned with
their initial and final stages. At the final stage of observation of scattering processes, the
quantities observed are firstly the points hit by the scattered particles on a screen. If the
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circumstances are properly set up, one can further indicate the momentum of the scattered
particles at the final stage to the extent that the uncertainty principle allows. Consider,
for example, a scattering process of an electron by a nucleus. Given the magnitude of
initial momentum of an electron relative to the nucleus, one can infer the magnitude of
momentum of the electron at the final stage to be equal to the initial one by the law of
conservation of energy, since the electron is far away from the nucleus at the initial and
final stages, and hence the potential energy between them can be neglected compared
to the relative kinetic energy. The direction of momentum at the final stage can also
be specified, up to the error due to the uncertainty principle, by setting a sequence of
slits toward the desired direction at each point on the screen. Then the observer detects
only the electrons scattered to that direction. The magnitude of momentum at initial
stage can be selected in advance by applying a uniform magnetic field to the electrons,
perpendicularly to their momenta, so that they circulate around circles with the radius
proportional to the magnitude of momentum, and by setting a sequence of slits that select
the desired stream from those electrons. The selection of magnitude of initial momentum
makes the direction of momentum ambiguous due to the uncertainty principle, since the
sequence of slits lets the position of electrons accurate to some extent. To sum up, the
sequences of slits at the initial and final stages necessarily require to take into account
the uncertainty principle so that some ambiguity remains in the observation.

However, in the actual observation of a single particle, we have to decide at which point
on the screen the particle hits and which momentum the particle has, using the prepared
apparatus like the sequence of slits located at each point on the screen. Even if we impose
an interval for the observed values, we have to assume that the edges of the interval
are sharply designated. These are the assumption which we always impose on what is
called “observation.” That is to say, we idealize the situation in any observation or in any
measurement of a single particle so that the observed values for each particle are sharp
for both of the configuration and momentum. In this sense, the values observed actually
for each particle must be classical. We have then necessary and sufficient conditions to
make predictions about the differential cross section, as we will see in section 9.2.

Summarizing, we observe just the classical quantities for each particle at the final
stage of all observations. In other words, even if we cannot know the values actually, we
have to presuppose that the values observed for each particle have sharp values. We can
apply to this fact the remark stated in the fourth paragraph of this section about the
possibility of defining observation as that of the classical centers of mass of local systems,
and may assume that the actually observed values follow the classical Axioms 8.1 and
8.2. Those sharp values actually observed for each particle will give, when summed over
the large number of particles, the probabilistic nature of quantum physical phenomena of
scattering processes.

Theoretically, the quantum-mechanical, probabilistic nature of scattering processes is
described by differential cross section, defined as the square of the absolute value of the
scattering amplitude gotten from scattering operators S,y = W,*W,, where I/VbjE are
usual wave operators. Given the magnitude of the initial momentum of the incoming
particle and the scattering angle, the differential cross section gives a prediction about
the probability at which point and to which direction on the screen each particle hits on
the average. However, as we have remarked, the idealized point on the screen hit by each
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particle and the scattering angle given as an idealized difference between the directions
of the initial and final momenta of each particle have sharp values, and the observation
at the final stage is classical. We are then required to correct these classical observations
by taking into account the classical relativistic effects to those classical quantities.

9.2 The first step

As the first step of the relativistic modification of the scattering process, we consider the
scattering amplitude S(FE, ), where E denotes the energy level of the scattering process
and 0 is a parameter describing the direction of the scattered particles. Following our
remark made in the previous paragraph, we make the following postulate on the scattering
amplitude observed in actual experiment:

Axiom 9.1 When one observes the final stage of scattering phenomena, the total energy
E of the scattering process should be regarded as a classical quantity and is replaced by a
relativistic quantity, which obeys the relativistic change of coordinates from the scattering
system to the observer’s system.

Since it is not known much about S(F,0) in the many body case, we consider an
example of the two body case. Consider a scattering phenomenon of an electron by a
Coulomb potential Ze?/r, where Z is a real number, r = |z|, and x is the position vector
of the electron relative to the scatterer. We assume that the mass of the scatterer is large
enough compared to that of the electron and that |Z]/137 < 1. Then quantum mechanics
gives the differential cross section in a Born approximation:

do Z%et

— =[S(E,0)]* ~
dQ) IS(E,6)] 162 sin*(0/2)’

where 6 is the scattering angle and F is the total energy of the system of the electron
and the scatterer. We assume that the observer is stationary with respect to the center of
mass of this system of an electron and the scatterer. Then, since the electron is far away
from the scatterer after the scattering and the mass of the scatterer is much larger than
that of the electron, we may suppose that the energy F in the formula in the above can
be replaced by the classical kinetic energy of the electron by Axiom 9.1. Then, assuming
that the speed v of the electron relative to the observer is small compared to the speed ¢
of light in vacuum and denoting the rest mass of the electron by m, we have by Axiom
9.1 that E is observed to have the following relativistic value:

mc? muv?
E' =cyp2+m22 —mcl = —m——on-e —m " ————oo
1—(v/c)? 2¢/1— (v/c)?

where p = muv/\/1 — (v/c)? is the relativistic momentum of the electron. Thus the
differential cross section should be observed approximately equal to
do Z%et
— 1— H.
dQ  4m2vtsin®(0/2) (1= @/e))

(9.2)
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This coincides with the usual relativistic prediction obtained from the Klein-Gordon equa-
tion by a Born approximation. See [26], p.297, for a case which involves the spin of the
electron.

Before proceeding to the inclusion of gravity in the general k cluster case, we review
this two body case. We note that the two body case corresponds to the case k = 2,
where L; and L, consist of single particle, therefore the corresponding Hamiltonians
H, and H, are zero operators on ‘H' = C = the complex numbers. The scattering
amplitude S(F, #) in this case is an integral kernel of the scattering matrix S = FSF 1,
where S = WT*W ™ is a scattering operator; W+ = s-lim; .., exp(it Hy) exp(—itT) are
wave operators (7 is negative Laplacian for short-range potentials under an appropriate
unit system, while it has to be modified when long-range potentials are included); and
F is Fourier transformation so that FTF~! is a multiplication operator by |[> in the
momentum representation LQ(RS). By definition, S commutes with 7". This makes §
decomposable with respect to |(]? = FTF L. Namely, for a.e. E > 0, there is a unitary
operator S(F) on L?(S5?), S? being two dimensional sphere with radius one, such that for
a.e. B> 0andw e S?

(SH(VEw) = (SEBVE)) (@), he LARY) = LA((0, 00), LX(52), e dle)).

Thus S can be written as S = {S(E)}g=o. It is known [20] that S(E) can be expressed
as

(S(E)p)(0) = p(0) — 2miVE /S 2 S(E, 0, w)p(w)dw

for ¢ € L*(S?). The integral kernel S(F, 0, w) with w being the direction of initial wave, is
the scattering amplitude S(E, 0) stated in the above and |S(E, 6, w)|? is called differential
cross section. These are the most important quantities in physics in the sense that they
are the only quantities which can be observed in actual physical observation.

The energy level E in the previous example thus corresponds to the energy shell T'= FE,
and the replacement of E' by E’ in the above means that T is replaced by a classical
relativistic quantity E' = cy/p? + m2c2 — mc?. We have then seen that the calculation in
the above gives a correct relativistic result, which explains the actual observation.

Axiom 9.1 is concerned with the observation of the final stage of scattering phenomena.
To include the gravity into our consideration, we extend Axiom 9.1 to the intermediate
process of quantum-mechanical evolution. The intermediate process cannot be an object
of any actual observation, because the intermediate observation would change the process
itself, consequently the result observed at the final stage would be altered. Our next Axiom
9.2 is an extension of Axiom 9.1 from the actual observation to the ideal observation in the
sense that Axiom 9.2 is concerned with such invisible intermediate processes and modifies
the ideal intermediate classical quantities by relativistic change of coordinates. The spirit
of the treatment developed below is to trace the quantum-mechanical paths by ideal
observations so that the quantities will be transformed into classical quantities at each
step, but the quantum-mechanical paths will not be altered owing to the ideality of the
observations. The classical Hamiltonian obtained at the last step will be “requantized”
to recapture the quantum-mechanical nature of the process, therefore the ideality of the
intermediate observations will be realized in the final expression of the propagator of the
observed system.
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9.3 The second step

With these remarks in mind, we return to the general k cluster case, and consider a way
to include gravity in our framework.

In the scattering process into k > 1 clusters, what we observe are the centers of mass
of those k clusters Cy,---,Cy, and of the combined system L = (Ly,---,L;). In the
example of the two body case of section 9.2, only the combined system L = (Li, Ls)
appears due to H; = Hy, = 0, therefore the replacement of T' by E’ is concerned with the
free energy between two clusters C; and Cy of the combined system L = (Ly, Ly).

Following this treatment of 7" in the section 9.2, we replace T' = T} in the exponent of
exp(—itphy) = exp(—itL(Th + Ip(x4,0))) on the right hand side of the asymptotic relation
(9.1) by the relativistic kinetic energy 7, among the clusters C, - - - , C} around the center
of mass of L = (L, -+, L), defined by

k
T, = Z (c\ [p5 +m5c? — mj02> : (9.3)

j=1

Here m; > 0 is the rest mass of the cluster C}, which involves all the internal energies
like the kinetic energies inside C; and the rest masses of the particles inside C}, and p; is
the relativistic momentum of the center of mass of C; inside L around the center of mass
of L. For simplicity, we assume that the center of mass of L is stationary relative to the
observer. Then we can set in the exponent of exp(—it. (T, + Iy(zp,0)))

tn = to, (9.4)

where tp is the observer’s time.

For the factors exp(—it;H;) on the right hand side of (9.1), the object of the ideal
observation is the centers of mass of the k& number of clusters C,---,C%. These are
the ones which now require the relativistic treatment. Since we identify the clusters
Ch,---,Cy as their centers of mass moving in a classical fashion, t; in the exponent of
exp(—ity H;) should be replaced by ¢! times the classical relativistic proper time at the
origin of the local system L;, which is equal to the quantum-mechanical local time ¢;
of the sub-local system L;. By the same reason and by the fact that H; is the internal
energy of the cluster C; relative to its center of mass, it would be justified to replace the
Hamiltonian H; in the exponent of exp(—it;H;) by the classical relativistic energy inside
the cluster C; around its center of mass

H) = m;c?, (9.5)

where m; > 0 is the same as in the above.
Summing up, we arrive at the following postulate, which has the same spirit as in
Axiom 9.1 and includes Axiom 9.1 as a special case concerned with actual observation:

Axiom 9.2 In either actual or ideal observation, the space-time coordinates (cty,xr) and
the four momentum p = (p*) = (EL/c,pr) of the observed system L should be replaced by
classical relativistic quantities, which are transformed into the classical quantities (cto, o)
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and p = (Eo/c,po) in the observer’s system Lo according to the relativistic change of
coordinates specified in Axioms 8.1 and 8.2. Here ty, is the local time of the system L and
xy, 1S the internal space coordinates inside the system L; and Ep is the internal energy of
the system L and py, is the momentum of the center of mass of the system L.

In the case of the present scattering process into k clusters, the system L in this axiom
is each of the local systems L; (j =1,2,--- ,k) and L.

We continue to consider the k£ centers of mass of the clusters Cp,---,Cy. At the
final stage of the scattering process, the velocities of the centers of mass of the clusters
Ci, -+ ,C would be steady, say wq,--- , v, relative to the observer’s system. Thus,
according to Axiom 9.2, the local times ¢; (j = 1,2, --- , k) in the exponent of exp(—it; H}),
which are equal to ¢! times the relativistic proper times at the origins z; = 0 of the local
systems L;, are expressed in the observer’s time coordinate to by

ti=to\/1— (v;/e) = to (L—0i/(2¢%), j=1,2,-- kK, (9.6)

where we have assumed |v;/c| < 1 and used Axioms 8.1 and 8.2 to deduce the Lorentz
transformation:

_to-— (v;/c*)xo w0 —vjlo

J ’ I] Y e B
V1= (vj/c) V1= (v/c)?
(For simplicity, we wrote the Lorentz transformation for the case of 2-dimensional space-
time.)
Inserting (9.3), (9.4), (9.5) and (9.6) into the right-hand side of (9.1), we obtain a
classical approximation of the evolution:

exp (—ito[(T, + Ip(xy, 0) + Hy + -+ - + Hy) — (myvi/2 + - - + myvp /2)]) (9.7)

under the assumption that |v;/c| < 1forall j=1,2,--- k.

What we want to clarify is the final stage of the scattering process. Thus as we have
mentioned, we may assume that all clusters C4,---,Cy are far away from any of the
other clusters and moving almost in steady velocities vy, - - - , vy relative to the observer.
We denote by r;; the distance between two centers of mass of the clusters C; and Cj
for 1 < i < j < k. Then, according to our spirit that we are observing the behavior
of the centers of mass of the clusters C4,---,Cy in classical fashion following Axioms
8.1 and 8.2, the clusters C,--- ,Ck can be regarded to have gravitation among them.
This gravitation can be calculated if we assume Einstein’s field equation, |v;/c| < 1, and
certain conditions that the gravitation is weak (see [36], section 17.4), in addition to our
Axioms 8.1 and 8.2. As an approximation of the first order, we obtain the gravitational
potential of Newtonian type for, e.g., the pair of the clusters C; and U; = U?:z Ci:

k
-G E m1mz‘/7“1z‘,
i=2

where G is Newton’s gravitational constant.
Considering the k body classical problem for the k clusters C1, - - -, C}x moving in the
sum of these gravitational fields, we see that the sum of the kinetic energies of C1, --- , Cy
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and the gravitational potentials among them is constant by the classical law of conserva-
tion of energy:

miv /24 -+ mpv /2 — G Z m;m;/r;; = constant.

1<i<j<k

Assuming that v; — vjo as time tends to infinity, we have constant = myvi,_/2 + --- +
mgvi. /2. Inserting this relation into (9.7) in the above, we obtain the following as a
classical approximation of the evolution (9.1):

exp <—2’to

What we do at this stage are ideal observations, and these observations should not give
any sharp classical values. Thus we have to consider (9.8) as a quantum-mechanical
evolution and we have to recapture the quantum-mechanical feature of the process. To
do so we replace p; in 7} in (9.8) by a quantum-mechanical momentum D;, where D;

is a differential operator —i% = —1 (8%, QL, 38, ) with respect to the 3-dimensional
J j1 Zj52 53
coordinates z; of the center of mass of the cluster C;. Thus the actual process should be

described by (9.8) with 7} replaced by a quantum-mechanical Hamiltonian

k
T, = Z <cw | D +m5c? — mj02> .

j=1

j=1 1<i<j<k

T, + Iy(xp,0) + Z(mjc2 —mvi./2) — G Z mimj/r,-j]) . (9.8)

This procedure may be called “requantization,” and is summarized as the following axiom
concerning the ideal observation.

Axiom 9.3 In the expression describing the classical process at the time of the ideal ob-
servation, the intercluster momentum p; = (pj1, pj2, Pjs) should be replaced by a quantum-
0 0 9
Oxj17 Oxjo’ Oxj3

the intermediate quantum-mechanical process.

mechanical momentum D; = —i . Then this gives the evolution describing

We thus arrive at an approximation for a quantum-mechanical Hamiltonian including
gravitational effect up to a constant term, which depends on the system L and its decom-
position into Lq,--- , Lg, but not affecting the quantum-mechanical evolution, therefore
can be eliminated:

Hp =T, + Iy(2,0) — G Z mim; 1y

1<i<j<k

= Z (C\ / D? + TTLJZCZ — ij2> + Ib(xg” 0) -G Z mimj/n-j. (99)

=1 1<i<j<k
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We remark that the gravitational terms here come from the substitution of local times
t; to the time ¢, in the factors exp(—it;H;) on the right-hand side of (9.1). This form
of Hamiltonian in (9.9) is actually used in [35] with [, = 0 to explain the stability and
instability of cold stars of large mass, showing the effectiveness of the Hamiltonian.

Summarizing these arguments from (9.1) to (9.9), we have obtained the following inter-
pretation of the observation of the quantum-mechanical evolution: To get our prediction
for the observation of local systems L4, --- , L, the quantum-mechanical evolution of the
combined local system L = (L, -+, Lg)

exp(—itLHL)f

should be replaced by the following evolution, in the approximation of the first order
under the assumption that |v;/c| < 1 (j =1,2,---,k) and the gravitation is weak,

(exp(—itoHp) @ I & -+~ @ I) PO f, (9.10)
k factors

provided that the original evolution exp(—it; H})f decomposes into & number of clusters
Cy,---,Cy as t, — oo in the sense of (9.1). Here b is the cluster decomposition b =
(C1,--+,C%) that corresponds to the decomposition L = (Li,---, L) of L; to is the
observer’s time; and

HL:Tb—FIb(l’b,O)—G Z mimj/mj (911)
1<i<j<k
is the relativistic Hamiltonian inside L given by (9.9), which describes the motion of the
centers of mass of the clusters C,--- , C.

We remark that (9.10) may produce a bound state combining C1,--- ,Cy as to — 00
therefore for all tp, due to the gravitational potentials in the exponent. Note that this is
not prohibited by our assumption that exp(—it;,Hy)f has to decompose into k clusters
C1,- -+, Cy, because the assumption is concerned with the original Hamiltonian Hy but
not with the resultant Hamiltonian H; .

Extending our primitive assumption Axiom 9.1, which was valid for an example stated
in section 9.2, we have arrived at a relativistic Hamiltonian H, which would describe ap-
proximately the intermediate process, under the assumption that the gravitation is weak
and the velocities of the particles are small compared to ¢, by using the Lorentz trans-
formation. We note that, since we started our argument from the asymptotic relation
(9.1), which is concerned with the final stage of scattering processes, we could assume
that the velocities of particles are almost steady relative to the observer in the corre-
spondent classical expressions of the processes, therefore we could appeal to the Lorentz
transformations when performing the change of coordinates in the relevant arguments.
__ The final values of scattering amplitude should be calculated by using the Hamiltonian
H;. Then they would explain actual observations. This is our prediction for the observa-
tion of relativistic quantum-mechanical phenomena including the effects by gravity and
quantum-mechanical forces.

In the example discussed in section 9.2, this approach gives the same result as (9.2)
in the approximation of the first order, showing the consistency of our spirit (see [27]).
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Exercise

Let us consider the light clock which Einstein used in his definition of an ideal clock
in special theory of relativity. A light clock consists of two mirrors stood parallel to each
other with light running mirrored to each other continuously. The time is then measured
as the number of counts that the light hits the mirrors. This clock is placed stationary to
an inertial frame of reference, and the time of the frame is defined by the number of the
light-hits of this clock. Insofar as the light is considered as a classical wave and the frame
is an inertial one which has no acceleration, this clock can measure the time of the frame.
One feature of this clock is that the time is defined by utilizing the distance between the
two mirrors and the velocity of light in vacuum which is assumed as an absolute constant
in special theory of relativity. Thus time is measured only after the distance between the
mirrors and the velocity of light are given, and it is not that time measures the motion
or velocity of light wave.

This light clock occupies a certain volume in space, and if an acceleration exists, the
mirrors in the clock should be distorted according to general theory of relativity. In this
case the number of counts of light between two mirrors cannot be regarded as giving
the time of a certain definite frame of reference. To any point in the clock, different
metrical tensor may be associated, and one cannot determine the time of which point the
clock measures. Here appears a problem of the size of the actual clock which cannot be
infinitesimally small. In this sense, the operational definition of the clock in general theory
of relativity has a problem. It seems that this problem may be avoided by an interpretation
that the general theory of relativity is an approximation of reality, and the theory gives a
sufficiently good approximation as experiments and astronomical observations show. This
problem, however, will be a cause of difficulty when one tries to quantize the field equation
of general theory of relativity, for the expected quantized theory should be covariant under
the diffeomorphism which transforms a point of a space-time manifold to a point of the
manifold, and no point can accommodate any clocks with actual sizes.

To have sound foundations to resolve these problems, we therefore have to find, firstly,
a definition of clock and time which should be given through length (or positions) and
velocity (or motion) to accord with the spirit of Einstein’s light clock, and secondly, our
notion of time should have a certain “good” residence just as the inertial frame of reference
in special theory of relativity accommodates the light clock.

As a residence, we prepare a Euclidean quantum space, and within that space we
have defined a quantum-mechanical clock which measures the common parameter of
quantum-mechanical motions of particles in a (local) system consisting of a finite number
of particles. Since clocks thus defined are proper to each local system, and local sys-
tems are mutually independent as concerns the relation among the coordinates of these
systems, we can impose relativistic change of coordinates among them. And the change
of coordinates gives a relation among those local systems which would yield relativistic
quantum-mechanical Hamiltonians, explaining the actual observations.

These are an outline of what we did in this book. The problem between quantum me-
chanics and relativistic theories has been noted [3] already in 1932 by John von Neumann
in the footnote on page 6 of the English translation [39] of his book “Die Mathematische
Grundlagen der Quantenmechanik,” Springer-Verlag, Berlin:

— in all attempts to develop a general and relativistic theory of electromag-
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netism, in spite of noteworthy partial successes, the theory (of Quantum Me-
chanics) seems to lead to great difficulties, which apparently cannot be over-
come without the introduction of wholly new ideas.

We below will consider the problem in the case of quantum mechanics and special
theory of relativity, and will see a solution in the case of one particle in 3 dimensional
space 3 first. After then we will see a sketchy explanation of general N-particle case.

I. One particle case with mass m

We consider this one particle in the universe expressed as a vector bundle X x R% with base
space X being the curved Riemannian space where relativistic CM (classical mechanics)
holds and with a fibre R® (a phase space associated to each point x € X) with an Euclidean
structure on which QM (quantum mechanics) holds. Then inside the QM system of the
one particle (which we call a “local system” of the particle), the particle follows the
Schrodinger equation when the local time t of the system is given as in definition 3.1,
and in the classical space outside the local system the particle is observed as a classical
particle moving with velocity v relative to the observer in the observer’s time.

The motion inside a local system corresponds to the usually conjectured “invisible” zit-
terbewegung of particles like virtual photons associated around elementary particles. This
motion exists even when the particle is at “zero-point” energy, e.g. Not only that but
the spin, the vortices observed at very low temperatures in superfluidity etc., would be
interpreted [37] as this internal motion inside a local system.

Instead of imposing connections among those fibres as is usually expected for the termi-
nology “vector bundle,” we postulate a relation between the internal and external worlds
by actualizing the “invisible” internal motion as velocity u inside a local system in the
following two axioms, which is assumed to hold between the two worlds on the occasion
of observation:

Al. Let u be the QM velocity of the particle inside the local system. Then u and v satisfy
ul* + Jof* = ¢,

where c is the velocity of light in vacuum.

A2. The magnitude of momentum inside the local system is observed constant indepen-
dent of the velocity v relative to the observer:

m2|u|2 — (m0)2c2,

where myq is the rest mass of the particle and m is the observed mass of the particle
moving with velocity v relative to the observer.

These axioms are an extension of Einstein’s principle [7] of the constancy of the velocity
of light in vacuum to a principle of the constancy of the velocity of everything when the
velocities in the internal quantum mechanical space and the external classical relativistic
space are summed. See Natarajan [38] for the natural motivation for these axioms corre-
sponding to postulates IV and V in [38], whereas Natarajan considers both of internal and
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external worlds are classical. We consider the internal world quantum mechanical. Thus
the above axioms need a justification in order for these to have a consistent meaning,
which discussion is given below. This will then yield a unification of quantum mechanics
and special theory of relativity.

To see the consequences of those axioms, we first consider the internal motion inside the
QM local system of the particle.

Let H be the Hamiltonian of the particle inside the QM space:

1= —(1)/@m)(A,) = o (@) (83) - Lp

where

0 o o 9 o \? o0 \? o0\ o0\ h 0
a3 a._ v a9 v 4o 9 a = a + a_ + a_ 9 P = 3.
ox 0xy Oxg’ Oxs ox o0xy 0xy Oxs 1 0z

are partial differentiation with respect to 3 dimensional space coordinate x = (z1, xg, 3)
and h = h/(27) with h being Planck constant. P is identified with the QM momentum
of the particle.

We define a clock of the local system as in definition 3.1. A remark should be added. There
we defined a local clock for the particle number N > 2. The one particle case we are now
considering can be regarded in this context a system of 2 particles with the ocnfiguration
x above being the relative 3-dimensional coordinates inside the 2 body system. With this
understanding, the local time of the system is defined by the ¢ on the exponent of the
local clock exp(—itH/h).

If ¢ is given as such, we can describe the QM motion of the particle by a solution

¢(t) = exp(—itH/h)$(0).
of the Schrodinger equation

hd
gaﬁb(t) + Ho(t) = 0.

If we insert the QM velocity P/m into u in postulates Al and A2, they become
Al. |P/m|* + |v]* =
A2. |PJ]? = (my)3c2.

But P is a differential operator and the rest are numerical quantities, so these conditions
are meaningless. To make these two postulates meaningful, we move to a momentum
space by spectral representation or by Fourier transformation as follows.

In our one particle case, we actually considering a two-body system so that there is an
interaction term between the two partilces. But for the sake of simplicity we consider the
system as free from interaction. Then the solution ¢(t) = exp(—itH/h)¢(0) is given by
using Fourier transformation F:

Ff(p) = (2mh) / exp(—ip - 2/1)f(z)dz,

R3
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where p € R®, p- o = p1x1 + poxy + paxs, as follows:

O(t) = d(t, x) = F~" exp(—itp® /(2mh)) F$(0).
Also the Hamiltonian H is given by
H= L.7-"_1p2]:.
2m

F is a unitary operator from H = L*(R?) onto itself. Here L*(R?) is the Hilbert space of
Lebesgue measurable complex-valued functions f(z) on R? that satisfies

/ f(@)Pdz < oo,
R3

and has inner product and norm:

(ro) = [ s@at@de. 1) = VD

where g(x) is the complex conjugate to a complex number g(x).
From this we construct a spectral representation of H as follows:
Let F(A) (A > 0) be a map from a subspace (exactly speaking, L(R?) with s > 1/2, see
chapter 5) of L?(R3) into L?*(S?) (S? is the unit sphere in R?) defined by
FNf(w) = @OYHFNH(V2),
where w is in S?, i.e. w € R and |w| = 1. Then by the above equation we have
FNH f(w) = (A m)FA)f(w).

Thus H is identified with a multiplication by A\/m when transformed by F(A) into a
spectral representation space

H = L*((0,00), L*(52), d)),

where {F(A\)} =0 is extended to a unitary operator from H onto H in the following sense

/0 [F ) F 12520 dA = (|12

(For more details, see chapter 5, section 5.1.)

Summing up we can regard H as a multiplication operator A/m by moving to a momentum
space representation.
Originally, H is
1
H=_—P
2m
and P is a 3 dimensional QM momentum. Thus formally we have a correspondence

A P%/2.
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Thus if we denote the QM velocity of the particle inside the local system by u, it is
u=P/m
and satisfies a relation
u? = P?/m? < 2)\/m?>.
Therefore our postulates A1 and A2 above are restated as follows:
Al 2X\/m? + |v]? = 2.
A2. 2\ = (my)?c%

These are now meaningful, as the relevant quantities are all numeric. These axioms
correspond to a requirement that we think all things in the local system of the one
particle, on an energy shell H = \/m = (my)?c?/(2m) of the Hamiltonian H, whenever
considering the observation of the particle.

Show that the follwoing relation holds.

Proposition 1. m = mg/y/1 — (v/¢)?(> my).
We define:

Definition. The period p(v) of a local system moving with velocity v relative to the
observer is defined by the relation:

p(v)A/(hm) = 2.

Thus

p(v) = hm/X\ = 2hm/[(mg)?*c?].
This gives a period of the local system with the clock on the energy shell H = A\/m:

exp(—itH/h) = exp(—itA/(hm)).
In particular, when v = 0, the period p(0) takes the minimum value:

p(0) = himo/\ = 2hmyg/[(mo)?c?] = 2h/ (moc?).

This we call the least period of time (LPT) of the local system. This gives a minimum

cycle or period proper to the local system.

The general p(v) is related to this by virtue of the Proposition 1 as follows:

Proposition 2.

p(v) = hm/A = p(0)/v/1 = (v/¢)*(= p(0))-
This means that the time p(v) that the clock of a local system, moving with velocity
v relative to the observer, rounds 1 cycle when it is seen from the observer, is longer
than the time p(0) that the observer’s clock rounds 1 cycle, and the ratio is given by

p(v)/p(0) =1/4/1 = (v/c)?(> 1). Thus time, measured by our QM clock, of a local system
moving with velocity v relative to the observer becomes slow with the rate /1 — (v/c)?,
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which is exactly the same as the rate that the special theory of relativity gives. This yields
that the QM clock obeys the same transformation rule as that for classical relativistic
clocks like light clock discussed at the beginning of this exercise, and shows that quantum
mechanical clock is equivalent to the relativistic classical clock.

These mean also that the space-time measured by using QM clock defined as the
QM evolution of a local system follows the classical relativistic change of coordinates of
space-time. Thus giving a consistent unification of QM and special relativistic CM.

As for the validness of the name LPT, we see how it gives the Planck time:

tp = /Gh/c® = 1.35125 x 107 s,

where G is the gravitational constant. In fact, given Planck mass:

mo =mp = \/hc/G = 5.45604 x 107° g,

our LPT yields
p(0) = 2h/(\/hc/Gc?) = 2\/hG /> = 2tp,

which is 2 times Planck time.

II. N-particles case with masses m; (j =1,2,---,N)

We consider the case after the local system L of N particles are scattered sufficiently.
Then the system’s solution asymptotically behaves as follows as the system’s time t = ¢,
goes to oo (see (9.1)):

exp(—it, Hy /h) f ~ exp(—itphy/h)go ® exp(—it, Hy/h)g1 @ - - - ® exp(—ity Hy,/h) g,

where hy, = Ty, + I(73,0) and k > 1.

Now for getting the above result also in this case it suffices to note that the Hamiltonians
Hy, (¢ =1,2,...,k) of each scattered cluster are treated just as in the case I) above but
with using a general theorem on the spectral representation of self-adjoint operators H,.
H, are not necessarily free Hamiltonians and we cannot use the Fourier transformation,
but we can use spectral representation theorem so that each H, is expressed, unitarily
equivalently, as \;/M, in some appropriate Hilbert space, where M, is the mass of the
(-th cluster.

Then it is done quite analogously to I) to derive the propositions 1 and 2 above in the
present case. Of course these relations depend on ¢, and show that the dependence of
mass and time of each cluster on the relative velocity to the observer is exactly the same
as the special theory of relativity gives as in the case I) above.

One of the important consequences of these arguments is that the quantum clock is
equal to the classical relativistic clock, which has remained unexplained as one of the
greatest mysteries in modern physics in spite of the observed fact that they coincide with
high precision.
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Part 1V

Conclusions
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Chapter 10

Inconsistency of Mathematics?

To begin with stating our conclusive thought of this book, we consider that almost all of
what we think would be able to be translated into mathematical words insofar as we con-
sider about physical universe as we see in ordinary physical works after Galileo, Descartes,
Newton, till the present age. Thus to consider our description of the universe, it would
be inevitable to think about metamathematics and set theory which construct the basis
of the modern mathematics. In the next chapter, we will try to describe the universe
as a contradictory aspect of our language, or exactly speaking, of our mathematical lan-
guage, in that it could include all sentences as at least meaningful ones so is regarded
contradictory as a whole of those meaningful sentences. To be prepared for that purpose,
in this chapter we will try to see if mathematics or set theory which is thought to be a
basis of modern mathematics is consistent or not. As is well-known, in 1903, Russell’s
paradoxical set produced immense discussions about the foundation of mathematics, so
follows Hilbert’s formalism of mathematics, but this direction was negatively answered by
Godel [15]. We will see in this chapter how this theorem of Gddel seems to give a problem
that looks telling that mathematics itself is inconsistent.

We consider a formal set theory S, where we can develop a number theory. As no
generality is lost, in the following we consider a number theory that can be regarded as a
subsystem of S, and will call it S©.

Definition 10.1 1) We assume that a Gédel numbering of the system S©) is given, and
denote a formula with the Géodel number n by A,.

2) A9 (a,b) is a predicate meaning that “a is the Gédel number of a formula A with, just
one free variable (which we denote by A(a)), and b is the Gédel number of a proof of the
formula A(a) in S©,” and B (a, ¢) is a predicate meaning that “a is the Gédel number
of a formula A(a), and c is the Gddel number of a proof of the formula —A(a) in S© .7
Here a denotes the formal natural number corresponding to an intuitive natural number
a of the meta level.

Definition 10.2 Let P(xy,--- .x,) be an intuitive-theoretic predicate. We say that

P(zy, -+ ,xy,) is numeralwise expressible in the formal system S©, if there is a formula
P(zy,- -+ ,x,) with no free variables other than the distinct variables x1,- - ,x, such that,
for each particular n-tuple of natural numbers x,--- ,x,, the following holds:

143
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i) if P(xq, - ,x,) is true, then b P(xq1, -+ ,X,).
and
i) if P(xq, -+ ,xy,) is false, then b =P (xy1, -+ ,Xp).

Here “true” means “provable on the meta level,” and - P means that a formula P is
provable in the formal system, e.g., S©.

Lemma 10.3 There is a Gidel numbering of the formal objects of the system S© such
that the predicates A (a,b) and B (a,c) defined above are primitive recursive and hence
numeralwise expressible in S© with the associated formulas A (a,b) and B (a,c). (See

[35].)
Definition 10.4 Let ¢\9 be the Géidel number of a formula:
Vb[~A®(a,b) v Ic(c < b& B (a,c))].
Namely
Ao (a) = Vbo[~A® (a,b) v Ic(c < b & BO(a, ¢))).
In particular

A,0(q™) = A0 (g0, 5) v Ie(c < b & BO (g, 0))).

Assume that S© is consistent.
Suppose that
F Aq(0)<q(0)) in S(O),

and let £ be the Godel number of the proof of A0 (q?). Then by the numeralwise
expressibility of A (a,b)

- AO(q© k), (10.1)
Under our hypothesis of consistency;,

~ Aq(O) (q(o)) n S(O)

implies
not F —|Aq<o) (q(o)) in S(O).

Hence, for any integer £, B (¢(?), ¢) is false. In particular, B (¢(®,0), --- , BO)(¢(® k)
are false. By virtue of the numeralwise expressibility of B(’)(a, ), from these follows that

F-BO(q®,0),F -BO(q® 1), - =B (q? k).

Hence
FVe(e < k@ 5 -BO(q, ¢).
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This together with F A©(q© k@) in (10.1) gives
= 3[AD(q9, ) &Ve(e < b D> -BY(q?, ).

This is equivalent to
- _|Aq(0)(q(0)> n S(O)

A contradiction with our consistency hypothesis of S(®. Thus
not + Aq(o>(q(0)) in SO
Reversely, suppose that
F=Ay0(g?) in S©.
Then there is a Gédel number k@ of the proof of ﬂAq(O)(q(O)) in S©, and we have
B (¢, k©) is true.

Thus
L B (q(D)’ k(O))’

from which follows
Fvo[b > k9 5 3e(c < b & BO(qY, 0))]. (10.2)

As = A 0 (q9) is provable in S, there is no proof of Ay (q) in S© by our consistency
assumption of S, Therefore

F-AQ(q® 0),F AW (W, 1), F A0 (q?, k© _ 1)
hold. Thus
- Wb[b < k@ 5 =40 (q®, b)]. (10.3)
Combining (10.2) and (10.3), we obtain
FWb[—AD(q©,b) v 3e(c < b & BO(q, )],

which is
- Aq(o) (q(o)).

A contradiction with our consistency assumption of S(®. Thus we have
not F ﬁAq(o)(q(O)) in SO,
We have reproduced Rosser’s form of Godel incompleteness theorem.

Lemma 10.5 Assume SO is consistent. Then neither Ayo)(q”) nor =A,0/(q?) is
provable in S©).
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Thus, we can add either one of A0 (q'”) or =A 0 (q?), which we will denote A,
hereafter, as a new axiom of S without introducing any contradiction. Namely, let S

be an extension of the formal system S® with an additional axiom A(g). Then by Lemma
10.5

SW is consistent. (10.4)

We now extend definitions 10.1 and 10.4 to the extended system S™) as follows with noting
that the numeralwise expressibility of the predicates AM (a, b) and B%Y(a, ¢) defined below
can be extended to the new system S with the same Godel numbering as the one given
in Lemma 10.3 for S©.

1) AW(q,b) is a predicate meaning that “a is the Godel number of a formula A(a), and b
is the Gédel number of a proof of the formula A(a) in SM,” and BY(a, ¢) is a predicate
meaning that “a is the Godel number of a formula A(a), and ¢ is the Gédel number of a
proof of the formula —=A(a) in SM).”

2) Let ¢/ be the Godel number of a formula:

Vbo[~AW (a,b) Vv Ic(c < b& BV (a,¢))].

By the extended numeralwise expressibility, we have in the way similar to Lemma 10.5
by using the consistency (10.4) of S™)

not + Aq(1>(q(1)) and not + —|Aq(1)(q(1)) in SW.
Continuing the similar procedure, we get for any natural number n(> 0) that

S™ s consistent, (10.5)

not I—Aq(n)(q(”)) and  not I—ﬂAq(n)(q(”)) in ™. (10.6)

We now let S® the extended system of S that includes all of the formulas Ay (=
Ay (q™) or A (q™)) as its axioms. By (10.5) S is consistent. We note that
the formula A, is recursively defined if we have already constructed the system S ),
Moreover, if we let g(n) be the Gédel number of the formula A, we have ¢(z) # ¢(j)
for all natural numbers i < j as A(;) is not provable in SU for i < j. Thus sup,, (i)
goes to infinity as n tends to infinity. Further we note that G(n) is a recursive function
of n. Then given a formula A, with Godel number r, restricting our attention to the
formulas A, with ¢(n) < r, we can determine in S @) recursively if that given formula
A, is an axiom of the form A,y or not. Thus the addition of all A, retains the recursive
definition of the following predicates A(‘“)(a, b) and B (a, ¢) defined in the same way as
above.

A“)(a,b) is a predicate meaning that “a is the Godel number of a formula A(a), and b
is the Godel number of a proof of the formula A(a) in S©).” and B“)(q, ¢) is a predicate
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meaning that “a is the Godel number of a formula A(a), and ¢ is the Gédel number of a
proof of the formula —A(a) in S©).”

Then we see that the predicates A“)(a,b) and B*)(a, ¢) are numeralwise expressible in
S« and the Gédel number ¢ of the formula:

Vb[~A“) (a,b) Vv Ie(c < b & BW(a,c))],

denoted by A w)(a), is well-defined.

As before, we continue the similar procedure, transfinite inductively. In this pro-
cess, from the nature of our extension procedure, at each step a where we construct
the a-th consistent system S(® from the preceding systems S with v < «, the predi-
cates A(®(a,b) and B®(a,c) must be recursively defined from the preceding predicates
A (a,b) and BY(a,c) (v < a) so as for S(® to be further extended with retaining
consistency. For this to hold, it is necessary and sufficient that the ordinal « is a recursive
ordinal.

Is there any ordinal that is not recursive? A function F(x) is called recursive if it has
the form:

F(z) = G(z, F|x),

where F'|z is a restriction of F' to a domain z, and G is a given function. Consider the
formula for an ordinal :

r = {yly € z}.

This meets the above requirement of the recursive definition of the ordinal x, although
this is tautological and may not be considered a definition usually. But if we see the
structure that it contains the domain = and by using that domain only it defines z itself,
it is not so unreasonable to think that there is no nonrecursive ordinal.

There is, however, a possibility ([17]) that the condition whether or not a nonrecursive
ordinal exists in ZFC is independent of the axioms of ZFC. In that case we have two
alternatives.

Case i) There is no nonrecursive ordinal, and hence all ordinals are recursive.

In this case, the extension of the system S® above is always possible. Thus we can extend
S(@) indefinitely forever. However, in this process, we cannot reach the step where the
number of added axioms is the cardinality X; of the first uncountable ordinal, as the num-
ber of added axioms is at most countable by the nature of formal system. Thus there must
be a least countable ordinal 3 such that the already constructed consistent system S
is not extendable with retaining consistency. This contradicts the unlimited extendibility
stated above, and we have a contradiction. Insofar as we assume that every ordinal is
recursive, the only possibility remaining is to conclude that set theory is inconsistent.

Case ii) There is a nonrecursive ordinal, thus there is a least nonrecursive ordinal w;
usually called Church-Kleene ordinal ([12], [47]).

In this case the above extension of S(® is possible if and only if & < wy. We note that
wy is a limit ordinal. For if it is a successor of an ordinal J, then § < w; is recursive,
hence so is w; = d + 1, a contradiction with the nonrecursiveness of w;. Therefore we can
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construct, in the same way as that for S, a consistent system S©1) which cannot be
extended further with retaining consistency by the nonrecursiveness of wy.

On the other hand, as we have seen in the discussion of case i), there must be a
least countable ordinal 3 such that the already constructed consistent system S is not
extendable with retaining consistency. Since (3 is the least ordinal such that S is not
extendable, for any a < 3 the system S(® is consistently extendable. Whence by the
reasoning above about the recursiveness of o with which S(® is consistently extendable,
« is recursive and we have a < wy if a < 3. Thus

B < wr. (10.7)

Reversely, when o < wy, « is a recursive ordinal. Thus by the same reasoning as above
about the recursiveness of a, S(® is consistently extendable. Therefore o < 3 if & < wy.
This and (10.7) give

ﬁ:wl.

Summarizing, we have proved

Theorem 10.6 Assume that SO is consistent. Suppose that the condition whether or
not there is a nonrecursive ordinal is independent of the axioms of ZFC. Then there are
the following two alternatives:

i) There is no nonrecursive ordinal, and hence all ordinals are recursive.
In this case set theory is inconsistent.
ii) There is a nonrecursive ordinal, thus there is a least countable nonrecursive ordinal [3.

In this case the corresponding system S is consistent and cannot be extended
further with retaining consistency.

We remark that this is a metamathematical theorem.

Thus the inconsistency in i) of this theorem does not give any proof in ZFC of the
existence of nonrecursive ordinal. To know whether a nonrecursive ordinal exists or not,
we need a proof in ZFC or if such a statement is independent of the axioms of ZFC, we
need to add an axiom that determines which the case is. In the latter case, the above
theorem shows a direction in which the extended ZFC can be consistent if the original
ZFC is consistent.

Further, as the above theorem is a metamathematical theorem, even if there is no non-
recursive ordinal, the case i) of the theorem does not yield that set theory is inconsistent
in the sense that we can find a concrete inconsistent proposition like Russell’s paradox
inside the set theory. Rather it would be said that we may not find such an inconsistent
proposition insofar as we work inside the set theory ZFC. Thus this theorem should not
be interpreted as stating any concrete inconsistency of set theory.



Chapter 11

Stationary Universe

By nature what is called the universe must be a closed universe, within which is all. We
will characterize it by a certain quantum-mechanical condition.

We consider a metatheory of a formal set theory S. We name this metatheory Mg,
indicating that it is a Meta-theory of S as well as a Meta-Scientific theory as Ronald Swan
[46] refers to. The following arguments are all made in Mg.

We define in Mg
¢ = the class of all well-formed formulae of S.

This ¢ is a countable set in the context of Mg.
We identify ¢ with the set of truth values (in complex numbers C) of well-formed formulae
(wif’s) in ¢. In this identification, we define a map 7" from ¢ to ¢ by

T(A(q)) = the truth value of a well-formed formula [A(¢g) and not A (¢)]

for ¢ C ¢, with A(q) denoting the conjunction of g.

We note that every subset g of ¢ becomes false by adding some well-formed formula f of
¢. Hence, the conjunction of ¢ = qU {f} is false and satisfies

T(Ad) = Nd).
In this sense, ¢ is a fixed point of the map T
Moreover, we have the followings.

1. In the sense that any subset ¢ of ¢ is false if some well-formed formula is added to
q, ¢ is inconsistent.

2. As ¢ is the class of all possible well-formed formulae, ¢ is absolute.

3. As ¢ is the totality of well-formed formulae, ¢ includes the well-formed formula
whose meaning is that “¢ is the class of all well-formed formulae in S” in some Gdodel
type correspondence between S and Mg. In this sense ¢ includes (the definition of)
¢ itself. Thus ¢ is self-referential and self-creative, and is self-identical, just
as in M. C. Escher’s lithograph in 1948, entitled “pencil drawing.”

149
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The item 3 implies that ¢ is a non-well founded set (see [48]).

The class ¢ is the first world, the Universe, which is completely chaotic. In other words,
¢ is “absolute inconsistent self-identity” in the sense of Kitarou Nishida [41], whose
meaning was later clarified by Ronald Swan [46] in the form stated above. In this clarifi-
cation, ¢ can be thought “absolute nothingness” in Hegel’s sense.

The Universe ¢ is contradictory, and hence its truth value is constantly oscillating between
the two extremal values or poles, truth and false, or +1 and —1, or more generally, inside
a unit sphere of C. Namely, the class ¢ as a set of wif’s of the set theory S is countable,
but the values which the elements of ¢ take vary on a unit sphere. In other words, the
Universe ¢ is a stationary oscillation, when we see its meaning.

Oscillation is expressed by exponential functions: exp(iz - p), where x = (21, -+ ,24),p =
(p1,---,pa) € Réand z - p = Z?Zl x;p;, where d is a positive integer suggesting the
dimension of space.

This exp(iz - p) is an eigenfunction of the negative Laplacian —A:

Namely
—Aexp(iz - p) = p® exp(iz - p).

This is generalized to some extent. Le. if a perturbation V = V (z) satisfies that
H = —A + V(x) is a self-adjoint operator on H = L*(R?),

then
¢ is expressed as an eigenfunction of H.

Considering the absolute nature of the Universe ¢, we will be led to think that the
Hamiltonian H of ¢ is a Hamiltonian of infinite degree of freedom on a Hilbert space:

L{:{¢}:@<@H"> (H'=H®---0H).

n factors

U is called a Hilbert space of possible universes. An element ¢ of U is called a universe
and is of the form of an infinite matrix (¢n¢) with components ¢,y € H". ¢ = 0 means
One = 0 for all n, £.

Let O = {S} be the totality of the selfadjoint operators S in U of the form S¢ =
(Snedne) for ¢ = (dne) € D(S) C U, where each component S, is a selfadjoint operator
in H"™.

We now postulate that the Universe ¢ is an eigenfunction of the total Hamiltonian
H = Hystar-
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Axiom 1. There is a selfadjoint operator Hiy = (Hpe) € O in U such that for some
¢peU— {0} and A € R!

Htotal¢% )\¢ (111>

in the following sense: Let F,, be a finite subset of N = {1,2,---} with #(F,)(= the
number of elements in F,) = n and let {F‘}2°, be the totality of such F,, (note: the set
{Ff}22, is countable). Then the formula (11.1) in the above means that there are integral

sequences {ny}72, and {£;}72, and a real sequence {4 }o2, such that Ff C Ffiij},
Uil Bt = N

an€k¢nk€k - Ank€k¢nk€ka ¢nklk # 07 k = ]'7 27 37 e 7 (112>

and
Angt, — A as  k — oo.

Here we should repeat a remark in Axiom 2.2: the subscript ¢ in H,,, distinguishes different
local systems with the same number N = n + 1 of particles.

H = Hyyy is an infinite matrix (H,,) of selfadjoint operators H,, in H". Axiom 1
asserts that this matrix converges in the sense of (11.1) on our universe ¢. We remark
that our universe ¢ is not determined uniquely by this condition.

The universe as a state ¢ is a whole, within which is all. As such a whole, the state ¢
can follow the two ways: The one is that ¢ develops along a global time 7" in the grand
universe U under a propagation exp(—iT Hyq), and another is that ¢ is a bound state
of Hypq. If there were such a global time 7' as in the first case, all phenomena had to
develop along that global time T', and the locality of time would be lost. We could then
not construct a notion of local times compatible with general theory of relativity. The
only one possibility is therefore to adopt the stationary universe ¢ of Axiom 1.

In every finite part of ¢, a local existence in ¢ is expressed by a superposition of
exponential functions

P(x) = (2m) NI/ /R vy, EXP(iz - P)g(p)dp

for some natural number N = n+1 > 2 with n corresponding to the superscript n in H"
of the definition of & above. The function g(p) is called Fourier transform of ¢ (x) and
satisfies
g(p) = Fip(p) := (2m) 1072 / exp(—ip - y)P(y)dy.
RAN-1)

A finite subset of wff’s in ¢ corresponds to a partial Hamiltonian H of H;y of finite
degree of freedom, as the content/freedom that is given by a finite number of wff’s in ¢
corresponds to a finite degree, n = N —1, of freedom of a partial wave function ¢ (z) of the
total wave function ¢. If such a partial Hamiltonian H of H;,,; satisfies some conditions,
we can get a similar expansion of a local existence ¢ (z) by using generalized eigenfunctions
of H. This is known as a spectral representation of H in a general setting, but we here are
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speaking of a more specific expression called generalized Fourier transform or generalized
eigenfunction expansion associated with Hamiltonian H (originated by Teruo Ikebe [16]).

We call p momentum conjugate to z. More precisely we define momentum oper-
ator P = (P,---,P;) conjugate to configuration operator X = (Xy,---,X,) (X; =
multiplication operator by configuration x;) by

- 19 .
Pi=F pF=-o-  (j=1,d).

i 0x;

Then P and X satisfy
1

[Py, Xel = PiXe = XoPj = 0o
This shows that what we are dealing with is quantum mechanics. So to accord with actual
observation, we modify the definition of P

p-n9

iT ;
i Ox;

where h = h/(27), and h is Planck constant. Accordingly, the Fourier and inverse Fourier
transformations are modified

Fp(p) = g(p) = (27Tﬁ)d(N”/2/ exp(—ip - y/R)y(y)dy,

RA(N-1)

Flgla) = (2n) N0 [ explic - p/R)glo)ip.
RAN-1)
To sum our arguments up to here, we have constructed quantum mechanics as a
semantics of the class ¢ of all well-formed formulae of a formal set theory S. Quantum
mechanics is, in this context, given as an interpretation of set theory.

We continue to complete our semantics of the Universe ¢.

A local existence is of finite nature, and it is so local that it cannot know the existence
of the infinite Universe, and is self-centered. In other words, a local coordinates system
starts from its own origin, and it is the self-centered origin of the local system. All things
are measured with respect to this local origin.

Therefore we have our second and third principles.

Axiom 2. (a simplified version of Axiom 2.1) A local system is of finite nature, having
its own origin of position X and momentum P, independent of others’ origins and others’
inside worlds.

Axiom 3. (a simplified version of Axiom 2.2) The nature of locality is expressed by a

local Hamiltonian .
H = —§A +V

up to some perturbation V', that does not violate the oscillatory nature of local existence.

Here A = Zj\:ll ﬁ—j ZZ:1 a‘z—gk, the number N corresponds to the number of quantum
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particles of the local system, and f; is the reduced masses of the particles of the local
system.

A local existence (or local system) is oscillating as a sum or integral of generalized
eigenfunctions of H. In this sense, the locality or local system is a stationary oscillating
system.

A local oscillation may be an eigenfunction of the local Hamiltonian H. However,
by the very nature that locality is a self-centered existence of finite nature, it is shown
that it cannot be an eigenstate of H, or more precisely speaking, there is at least one
Universe wave function ¢ every part of which is not an eigenfunction of the local system
Hamiltonian H. (See chapter 12. See also [28], [29], [26], [31], [30].)

To express this oscillation explicitly in some “outer coordinate,” we force the locality
or local system to oscillate along an “afterward-introduced” real-valued parameter ¢t. The
oscillation is then expressed by using the Hamiltonian H

exp(—2mitH/h).

This operator is known in quantum mechanics as the evolution operator of the local
system. We will call it the local clock of the system, and we will call ¢ the local time of
the system.

Using our self-centered coordinates of our local system in Axiom 2, that is, letting x
be position coordinates and v = m~!P be velocity coordinates inside the local system
(m being some diagonal mass matrix), we can prove, by virtue of the fact that a local
oscillation 1 (z) is not an eigenfunction of H, that

(% - U) exp(—itH/h)y(z) — 0

as t tends to oo along some sequence in some spectral decomposition of exp(—itH /h)y
(Theorem 3.2 or see [26]). This means that the word “local clock” is appropriate for the
operator exp(—itH/h) and so is “local time” for the parameter ¢t. Therefore we also have
seen that “time” exists locally and only locally, exactly by the fact that locality is a self-
centered existence of finite nature. This fact corresponds to Ronald Swan’s statements in
page 27 of [46] “localization must be completely, or unconditionally, circumstantial” and
“localization is not self-creative.”

Let Py denote the orthogonal projection onto the space of bound states for a self-
adjoint operator H. We call the set of all states orthogonal to the space of bound
states a scattering space, and its element as a scattering state. Let ¢ = (¢ne) with
Gt = bpe(T1,-++ ,2,) € L2(R) be the universe in Axiom 1, and let {ny} and {f;} be
the sequences specified there. Let (™% denote the relative coordinates of n + 1 particles
in F, ,.

Definition 1.

(1) We define H,, as the sub-Hilbert space of H™ generated by the functions ¢, ¢, (™9 y)
of 2™ € R¥ with regarding y € R4™ ™ as a parameter, where k moves over a set
{k | ng>n,Fp, C FerH:k € N}

(2) Hpne is called a local universe of ¢.
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(3) Hye is said to be non-trivial if (I — Py ,)Hne # {0}.

The total universe ¢ is a single element in /. The local universe H,, can be richer
and may have elements more than one. This is because we consider the subsystems of
the universe consisting of a finite number of particles. These subsystems receive the
influence from the other particles of infinite number outside the subsystems, and may
vary to constitute a non-trivial subspace H,,. We will consider this point in chapter 12.

We can now define local system.

Definition 2.

(1) The restriction of H;yy to Hyye is also denoted by the same notation H,,, as the (n, £)-th
component of Hyyq.

(2) We call the pair (H,s, Hne) a local system.

(3) The unitary group e~ (t € R') on H,, is called the local or proper clock of the
local system (H,o, Hye), if Hpe is non-trivial: (I — Py, )Hne # {0}. (Note that the
clock is defined only for N =n+1 > 2, since Hyy = 0 and Py, = I.)

(4) The universe ¢ is called rich if H,, equals H™ = L*(R™") for all n > 1, £ > 0. For a
rich universe ¢, H,, equals the (n,{)-th component of Hyqa.

Definition 3.

—itH, —itH(N_

(1) The parameter ¢t in the exponent of the local clock e t=e v of a local
system (H,, Hye) is called the (quantum-mechanical) proper time or local time of the

local system (Hy, Hne), if (I — Pr,,)Hne # {0}.
(2) This time ¢ is denoted by ¢, ,,) indicating the local system under consideration.

This definition is a one reverse to the usual definition of the motion or dynamics of
the N-body quantum systems, where the time ¢ is given a priori and then the motion of
the particles is defined by e~ ®Hw-1¢ f for a given initial state f of the system.

Time is thus defined only for local systems (H,¢, H,¢) and is determined by the associ-
ated local clock e~®n¢ Therefore there are infinitely many number of times t = E(Hyp o Ho)
each of which is proper to the local system (H,, H,¢). In this sense time is a local notion.
There is no time for the total universe ¢ in Axiom 1, which is a bound state of the total
Hamiltonian Hy,, in the sense of the condition (11.1) of Axiom 1.

Once given the local time, the local system obeys Schrodinger equation

(?% n H) exp(—it H/R)ib(x) = 0.

All up to now can be expressed on a Euclidean space R?. We need not worry about
any curvature as we consider ourselves with respect to our own coordinates.

But when we look at the outside world, our view will be distorted due to the finiteness
of our ability. As equivalent existences as localities, we are all subject to one and the
same law of distortion.
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Among local systems, we thus pose a law of democracy.

Axiom 4. (a simplified version of Axiom 8.1) General Principle of Relativity. Physical
worlds or laws are the same for all local observers.

As a locality, we cannot distinguish between the actual force and the fictitious force,
as far as the force is caused by the distortions that our confrontations to the outside world
produce.

We thus have the fifth axiom.

Axiom 5. (a simplified version of Axiom 8.2) Principle of Equivalence. For any gravita-
tional force, we can choose a coordinate system (as a function of time t) where the effect
of gravitation vanishes.

Axioms 4 and 5 are concerned with the distortion of our view when we meet the
outside, while Axioms 1-3 are about the inside world which is independently conceived
as its own. The oscillatory nature of local systems in Axiom 3 is a consequence of the
locality of the system and the stationary nature of the Universe, so that the oscillation
is due to the intrinsic “internal” cause, while the distortion of our view to the outside is
due to observational “external” cause.

Those two aspects, the internal and the external aspects, are independent mutually,
because the internal coordinate system of a local system is a relative one inside the local
system and does not have any relation with the external coordinates. Therefore, when
we are inside, we are free from the distortion, while when we are meeting the outside, we
are in a state that we forget the inside and see a curved world. Thus Axioms 1-5 are
consistent.

Quantum mechanics is introduced as a semantic interpretation of a formal set theory,
and general relativity is set as a democracy principle among finite, local systems. The
origin of local time is in this finitude of local existence, and it gives the general relativistic
proper time of each system.

Set theory is a purely inward thought. Physics obtained as semantics of the set theory
is a look at it from the outside. The obtained QM itself is a description of the inside
world that breeds set theory. The self-reference prevails everywhere and at every stage.
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Chapter 12

Existence of Local Motion

We are in a position to see how the stationary nature of the universe and the existence
of local motion and hence local time are compatibly incorporated into our formulation.

12.1 Godel’s theorem

Our starting point is the incompleteness theorem proved by Godel [15]. It states that any
consistent formal theory that can describe number theory includes an infinite number of
undecidable propositions (see chapter 10). The physical world includes at least natural
numbers, and it is described by a system of words, which can be translated into a formal
physics theory. The theory of physics, if consistent, therefore includes an undecidable
proposition, i.e. a proposition whose correctness cannot be known by human beings
until one finds a phenomenon or observation that supports the proposition or denies the
proposition. Such propositions exist infinitely according to Godel’s theorem. Thus human
beings, or any other finite entity, will never be able to reach a “final” theory that can
express the totality of the phenomena in the universe.

Thus we have to assume that any human observer sees a part or subsystem L of the
universe and never gets the total Hamiltonian Hy,, in (11.1) by his observation. Here
the total Hamiltonian H, is an ideal Hamiltonian that might be gotten by “God.”
In other words, a consequence from Godel’s theorem is that the Hamiltonian that an
observer assumes with his observable universe is a part Hy of Hyy,. Stating explicitly,
the consequence from Godel’s theorem is the following proposition

Htotal:HL+]+HE> HE?AO, (].2].)

where Hg is an unknown Hamiltonian describing the system E exterior to the realm of
the observer, whose existence, i.e. Hg # 0, is assured by Godel’s theorem. This unknown
system F includes all that is unknown to the observer. E.g., it might contain particles
which exist near us but have not been discovered yet, or are unobservable for some reason
at the time of observation. The term [ is an unknown interaction between the observed
system L and the unknown system E. Since the exterior system E is assured to exist by
Godel’s theorem, the interaction I does not vanish: In fact assume I vanishes. Then the
observed system L and the exterior system F do not interact, which is the same as that

157
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the exterior system E does not exist for the observer. On the other hand, assigning the so-
called Godel number to each proposition in number theory, Godel constructs undecidable
propositions in number theory by a diagonal argument, which shows that any consistent
formal theory has a region exterior to the knowable world (see [15]). Thus the observer
must be able to construct a proposition by Godel’s procedure that proves E exists, which
means [ # 0. By the same reason, [ is not a constant operator:

I # constant operator. (12.2)

For suppose it is a constant operator. Then the systems L and E do not change no
matter how far or how near they are located because the interaction between L and E
is a constant operator. This is the same situation as that the interaction does not exist,
thus reduces to the case I = 0 above.

We now arrive at the following observation: For an observer, the observable universe
is a part L of the total universe and it looks as though it follows the Hamiltonian Hp,
not following the total Hamiltonian H;,,. And the state of the system L is described
by a part ¢(-,y) of the state ¢ of the total universe, where y is an unknown coordinate
of system L inside the total universe, and - is the variable controllable by the observer,
which we will denote by .

12.2 Local time exists
In the following argument, we assume an exact relation:
Htotal¢ =0 (123>

instead of (11.1), for simplicity.

Assume now, as is usually expected under condition (12.3), that there is no local time
of L, i.e. that the state ¢(x,y) is an eigenstate of the local Hamiltonian H; for some
Yy = Yo and a real number u:

Hpé(z,y0) = pé(z, yo)- (12.4)

Then from (12.1), (12.3) and (12.4) follows that

0 = Hipta®(x,90) = Hpd(z,y0) + 1(x,y0)0(x,y0) + Hpd(z, y0)
= (p+ I(z,y0)) (2, y0) + Hpd(x, yo)- (12.5)

Here x varies over the possible positions of the particles inside L. On the other hand,
since Hg is the Hamiltonian describing the system E exterior to L, it does not affect the
variable z and acts only on the variable y. Thus Hg¢(x,y,) varies as a bare function
o(z, o) insofar as the variable z is concerned. Equation (12.5) is now written: For all =

HEQb(fL‘,yo) = —(M+I($,y0)>¢($,y0). (126>



12.3. A REFINED ARGUMENT 159

As we have seen in (12.2), the interaction I is not a constant operator and varies when x
varies®, whereas the action of Hy on ¢ does not. Thus there is a nonempty set of points
xo where Hgo(xg, yo) and —(p+ I(zo, yo))@(zo, yo) are different, and (12.6) does not hold
at such points xg. If I is assumed to be continuous in the variables z and y, these points
x( constitutes a set of positive measure. This then implies that our assumption (12.4) is
wrong. Thus a subsystem L of the universe cannot be a bound state with respect to the
observer’s Hamiltonian Hy. This means that the system L is observed as a non-stationary
system, therefore there must be observed a motion inside the system L. This proves that
the “time” of the local system L exists for the observer as a measure of motion, whereas
the total universe is stationary and does not have “time.”

12.3 A refined argument

To show the argument in section 12.2 more explicitly, we consider a simple case of

N
Hiotar = % > WXy prapis + V(X).
k=1
Here N (1 < N < oo) is the number of particles in the universe, h® is a three-
metric, X € R? is the position of the k-th particle, py, is a functional derivative corre-
sponding to momenta of the k-th particle, and V(X) is a potential. The configuration
X = (X3, Xy, -+, Xn) of total particles is decomposed as X = (z,y) accordingly to if
the k-th particle is inside L or not, i.e. if the k-th particle is in L, X} is a component of
x and if not it is that of y. Hy is decomposed as follows:

Hipta = Hp + 1 + Hp.

Here Hy is the Hamiltonian of a subsystem L that acts only on x, Hg is the Hamiltonian
describing the exterior £ of L that acts only on y, and I = I(z,y) is the interaction
between the systems L and E. Note that H; and Hg commute.

Theorem 12.1 Let P denote the eigenprojection onto the space of all bound states of
Hipia. Let Pp be the eigenprojection for Hy. Then we have
(1 —PpL)P #0, (12.7)

unless the interaction I = I(x,y) is a constant with respect to x for any y.

Proof: Assume that (12.7) is incorrect. Then we have

PP =P

6Note that Godel’s theorem applies to any fixed y = yo in (12.2). Namely, for any position yo of the
system L in the universe, the observer must be able to know that the exterior system F exists because
Godel’s theorem is a universal statement valid throughout the universe. Hence I(x, 1) is not a constant
operator with respect to x for any fixed yo.
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Taking the adjoint operators on the both sides, we then have
PP, =P.
Thus [Pp, P] = PP — PP, = 0. But in generic this does not hold because
(Hp, Hiptt) = [Hp, Hp + 1 + Hg| = [Hy,, I] # 0,
unless I(z,y) is equal to a constant with respect to z. Q.E.D.

Remark. In the context of chapter 11, the theorem implies the following:

where U is a Hilbert space consisting of all possible states ¢ of the total universe. This
relation implies that there is a vector ¢ # 0 in U which satisfies H;pp = A@ for a real
number A while H,® # u® for any real number p, where ® = ¢(-,y) is a state vector
of the subsystem L with an appropriate choice of the position y of the subsystem. Thus
the space generated by ¢(-,y)’s when y varies is non-trivial in the sense of Definition 1
in chapter 11, which proves for the universe ¢ that any local system L is non-trivial, and
hence proves the existence of local time for any local system of the universe ¢. Thus we
have at least one stationary universe ¢ where every local system has its local time.
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Exercise

We consider the systems S(® defined in chapter 10.

Let ¢(a) denote the Godel number of Rosser formula or its negation A(a) (= Ay (q)
or = A ) (q®)), if the Rosser formula Aq(a>(q(a)) is well-defined.

By ‘“recursive ordinals” we mean those defined by Rogers [42]. Then that « is a

recursive ordinal means that a < W, where w{'¥ is the so-called Church-Kleene ordinal
([12], [47]).

Lemma. The number §(a) is recursively defined for countable recursive ordinals a <
w¢E . Here ‘recursively defined’ means that G(a) is defined inductively starting from 0.

Remark. The original meaning of ‘recursive’ is ‘inductive.” The meaning of the word
‘recursive’ in the following is the one that matches the spirit of Kleene [33] (especially, the

spirit of the inductive construction of metamathematical predicates described in section
51 of [33]).

Proof. The well-definedness of (0) is assured by Rosser-Godel theorem as explained in
chapter 10.

We make an induction hypothesis that for each § < a, the Gédel number G(+) of the
formula Ay (= 4,0 (q") or ﬁAq(w)(q(V))) with v < 0 is recursively defined for v < 4.

We want to prove that the Gédel number ¢(7) is recursively well-defined for v < av.

i) When oo = § + 1, by induction hypothesis we can determine recursively whether or
not a given formula A, with Gédel number 7 is equal to one of the axiom formulas A,
(y < 6) of S™. In fact, we have only to see, for a finite number of v’s with §(y) < r
and vy < 6, if we have A(,) = A, or not. By induction hypothesis that G() is recursively
well-defined for v < 4, this is then decided recursively.

Thus Godel predicate A®(a,b) and Rosser predicate B (a,¢) with superscript a
are recursively defined, and hence are numeralwise expressible in S(®). Then the Rosser
formula A (q®) is well-defined, and the Godel number () of Rosser formula or its
negation A(q) (= Ay (') or 7A@ (q'®)) is defined recursively. Thus g(7) is recursively
well-defined for v < a.

ii) If v is a countable recursive limit ordinal, then there is an increasing sequence of
recursive ordinals «,, < a such that

a= D Q. (12.8)
n=0

In the system S(®), the totality of the added axioms A(,, (7 < a) is the sum of the added
axioms A, (7 < ap) of § (@n) - By induction hypothesis, §(7) is recursively defined for
v < ay,. Thus in each S we can determine recursively whether or not a given formula
A, is an axiom of S®) by seeing, for a finite number of 4’s with G(7) < r and v < a,, if
Ay = A, or not.

This is extended to S(®). To see this, we have only to see the v’s with §(y) < r and
v < a, and determine for those finite number of 4’s if A(,) = A, or not. By (12.8),

G(v) <r and v < a < In such that ¢(v) <r and v < «,.
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Then by induction on n with using the result in the above paragraph for S(@») and noting
that the bound r on () is uniform in n, we can show that the condition whether or
not G(v) < r and 7 < « is recursively determined. Whence the question whether or
not a given formula A, is one of the axioms A,y of S with G(y) < r and v < « is
determined recursively. Thus Godel predicate A(O‘)(a, b) and Rosser predicate B(O‘)(a, c)
with superscript « are recursively defined, and hence are numeralwise expressible in S(®).
Therefore the Rosser formula A (q®) is well-defined, and the Godel number G(«) of
Rosser formula or its negation A(q) (= Ay (@) or =4 (q'®)) is defined recursively.
Thus () is recursively well-defined for v < . This completes the proof of the lemma.

Assume now that « is a countable limit ordinal such that there is an increasing se-
quence of recursive ordinals a,, < o with

a= D Q. (12.9)
n=0

An actual example of such an « is the Church-Kleene ordinal w{%.

In the system S, the totality of the added axioms Ay (7 < a) is the sum of the
added axioms A, (y < ay,) of S©»). By the lemma, ¢(v) is recursively defined for v < a,.
Thus in each S(®») we can determine recursively whether or not a given formula A, is an
axiom of S(®») by seeing, for a finite number of v’s with () < r and v < ay,, if Ay = Ay
or not.

This is extended to S®. To see this, we have only to see the 7’s with G(y) < r and
v < a, and determine for those finite number of 4’s if A(,) = A, or not. By (12.9),

G(v) <r and v < a< 3In such that ¢(v) <r and v < a,.

Then by induction on n with using the above result for S(®#) in the preceding paragraph
and noting that the bound r on ¢(v) is uniform in n, we can show that the condition
whether or not ¢(y) < r and v < « is recursively determined. Then within those finite
number of 7’s with G(v) < r and v < a, we can decide recursively if for some v < a with
q(v) < r, we have A, = A, or not. Therefore we can determine recursively whether or
not a given formula A, is an axiom of S®.

Therefore Godel predicate A (a,b) and Rosser predicate B (a, ¢) are recursively
defined, and hence are numeralwise expressible in S(®. Then the Godel number ¢(®) of
the formula

Vb[-A@ (a,b) V 3e(c < b & B (a, c))]

is well-defined, and hence Rosser formula Aq<a)(q(a)) is well-defined and Rosser-Godel
theorem applies to the system S(®). Therefore we can extend S® consistently by adding
one of Rosser formula or its negation A (= Ay () or =A@ (q)) to the axioms

of S and get a consistent system S+,

In particular if we assume a least nonrecursive ordinal w{'¥ exists and take o = WX,
we get a consistent system S@I™+1) - This contradicts the case ii) of theorem 10.6 in
chapter 10. We leave the following problem to the reader.
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Question. The least nonrecursive ordinal, the so-called Church-Kleene ordinal w¢¥ has
been assumed to give a bound on recursive construction of formal systems (see [12], [44],
[47]). However the above argument seems to question if W& really exists in usual set
theoretic sense. How should we think?
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