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Abstract. Three dimensional time and energy operators are introduced and an un-
certainty relation between them is proved.

Recently, there appeared several papers that introduce three dimensional time in the
context of quantum mechanics (see, e.g., [1], [4]). The purposes of these papers are differ-
ent but have similarity in attempting to get better understanding of nature of time and
the related areas in physics. We here introduce a new definition of three dimensional time
as well as three dimensional energy with the purpose to shed light on the uncertainty rela-
tion that holds between them. We will see they are natural extensions of one dimensional
time and energy and the uncertainty principle between them holds in quite the same for-
malism as for the position and momentum operators in usual quantum mechanics unlike
the usually conceived derivation of the relation between time and energy.

We assume we are given a 3-dimensional coordinate x = (zy, z9, z3) of 3-dimensional
Euclidean space R? and a corresponding 3-dimensional momentum operator p = (p1, p2, p3)
conjugate to z, i.e. we define

h O
= =123 1
D; i O, Jj=1,23, (1)

where h = h/2m, h being Planck constant. We note in the momentum representation z;
works as a differential operator:

Fa;F' = in2.
(9pj

(2)
Here F is the Fourier transformation defined by
Fg(p) = (2nh) =%/ /d exp(—ip - z/h)g(x)dz,
R

where p - x = Z?;l pjx; is the inner product of the vectors z and p. We assume we are
given a time parameter ¢ that takes real values. We then define 3-dimensional time and



energy operators T = (t1,tq,13) and E = (eq, eg, e3) for t # 0 by

tj = tpilpl (3)
1

e = 3 (Iple; + 23 1pl). g

where
5 1/2
2
|p| = (Z pj)
j=1

is the positive square root of a nonnegative operator Z?Zl p? = —h*A, with A, being

Laplacian with respect to z. We note that these operators ¢; and e; initially defined on the
space D = F1C5°(R? — {0}) can be extended to selfadjoint operators in L?(R?), where
Cs°(R? — {0}) is the space of C*-functions with their supports compact in R* — {0} and
L%(R3) is the space of square integrable functions on R3. Clearly they have dimensions of
time and energy, respectively, and for =t > 0, £7 = =£(t1, t2, t3) has the same direction
as momentum p and satisfies

3 1/2
+|T| =+ (Z t§> =t (5)

In this sense our time operator is a modified version of that by Chen [1]. Further for
+t > 0, £ F = +(eq, €9, e3) has almost the same direction as position x, and when z and
p denote position and momentum of a scattering particle with mass m whose evolution is
governed by a Hamiltonian H, we have

3 1/2 2
. . p .
|E|exp(—itH)g = ( > 6?) exp(—itH)g ~ |2 | exp(—itH)g (6)

=1 m

in L?(R?) asymptotically as t — +oo for a scattering state g € L*(R3), since we have
xj/t ~ pj/m on exp(—itH)g as t — £oo along some sequence t, — oo (see [2] or [3],
Theorem 1). Thus these operators can be regarded as a 3-dimensional version of quantum
mechanical time and energy. (For a definition of quantum mechanical time of a system
with a finite number of particles, see [2], [3].)

Now our theorem is the following uncertainty relation between 7" and FE.
Theorem. Let f € D C L*(R®) with its L?>-norm || f|| = (f, f)*/? = 1, where

(£.9) = [ F@)g(a)de
is the inner product of L*(R?) with g(z) being the complex conjugate of g(z). Let

EZ:<tjf7f>7 éj~:<ejf7f>7
T = (1?1,52,53), E = (éla ég, é/3)



be the expectation values of these operators on the state f. Let the variances of T" and
E be defined by

5 1/2
AT = ||(T" - TfH—<Z (t; = 1;) f\!2> :

w

1/2
AE = |[(E— EfH—(Z ej = € fHQ) :

Then we have the uncertainty relation:

ATAFE >

Proof. We note using Schwarz inequality

ATAE = = D)fIIE — B
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Let Im z denote the imaginary part of a complex number z. Then noting ¢; and ¢; are
real numbers, we have

3 3 3
ATAE > [Tm Y {(t;f,e;f) —1;6;}| = Imz<tjf76]f| Z% Ity el f f) ‘ (8)
=1 =1 i=1
Here we compute
Alty,elf = [pilpl™" (Iplzy + 51p))]f

([pss 5] + [pI ™~ pjs1pl = |plaspilpl =) f
= (T4 P @+ 2wy lpl = [plespilpl T f
= (20 'R+ |p| " taypslp| — [plwpslpl T S

Using equality (2) above we have
[, Ipl] = ifip;|p| " (9)

Thus

Altye;] = 207+ |p| ™ ([, [pl] + |pley)p; + (25, [pl] — 51p]) Pl ')
= 2" "I+ 2ihp}|p| .



Then

[tj, ej] = i_lh.
1

3
Jj=

From this, (8) and || f]] = 1 we have

1
ATAE > [P0 2T
i
O
References
[1] X. Chen, A new interpretation of quantum theory — Time as hidden variable,

2]

http://xxx.lanl.gov/abs/quant-ph/9902037.

H. Kitada, Theory of local times, 11 Nuovo Cimento 109 B, N. 3 (1994), 281-302.
(http://xxx.lanl.gov/abs/astro-ph/9309051,
http://kims.ms.u-tokyo.ac.jp/time_I.tex).

H. Kitada, Quantum Mechanics and Relativity — Their Unification by Local Time, in
“Spectral and Scattering Theory,” Edited by A.G.Ramm, Plenum Publishers, New
York, pp. 39-66, 1998. (http://xxx.lanl.gov/abs/gr-qc/9612043, http://kims.ms.u-
tokyo.ac.jp/ISAAC.tex, time_IV.tex).

W. G. Tiftt, Three-dimensional quantized time in cosmology, Astrophysics and Space
Science 244 (1996), 187-210.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


